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Abstract:

e A special class of standard Gaussian Autoregressive Hilbertian processes of order one
(Gaussian ARH(1) processes), with bounded linear autocorrelation operator, which
does not satisfy the usual Hilbert—Schmidt assumption, is considered. To compensate
the slow decay of the diagonal coefficients of the autocorrelation operator, a faster
decay velocity of the eigenvalues of the trace autocovariance operator of the innova-
tion process is assumed. As usual, the eigenvectors of the autocovariance operator of
the ARH(1) process are considered for projection, since, here, they are assumed to be
known. Diagonal componentwise classical and bayesian estimation of the autocorre-
lation operator is studied for prediction. The asymptotic efficiency and equivalence of
both estimators is proved, as well as of their associated componentwise ARH(1) plug-
in predictors. A simulation study is undertaken to illustrate the theoretical results
derived.
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1. INTRODUCTION

Functional time series theory plays a key role in the analysis of high-
dimensional data (see, for example, Aue, Norinho and Hoérmann, 2014; Bosq,
2000; Bosq and Blanke, 2007). Inference for stochastic processes can also be
addressed from this framework (see Alvarez—Liébana, Bosq and Ruiz-Medina,
2016, in relation to functional prediction of the Ornstein—Uhlenbeck process, in
an ARH(1) process framework). Bosq (2000) addresses the problem of infinite-
dimensional parameter estimation and prediction of ARH(1) processes, in the
cases of known and unknown eigenvectors of the autocovariance operator. Alter-
native projection methodologies have been adopted, for example, in Antoniadis
and Sapatinas (2003), in terms of wavelet bases, and, in Besse and Cardot (1996),
in terms of spline bases. The book by Bosq and Blanke (2007) provides a general
overview on statistical prediction, including Bayesian predictors, inference by pro-
jection and kernel methods, empirical density estimation, and linear processes in
high-dimensional spaces (see also Blanke and Bosq, 2015, on Bayesian prediction
for stochastic processes). Recently, Bosq and Ruiz-Medina (2014) have derived
new results on asymptotic efficiency and equivalence of classical and Bayes pre-
dictors for [?-valued Poisson process, where, as usual, > denotes the Hilbert space
of square summable sequences. Classical and bayesian componentwise parame-
ter estimators of the mean function and autocovariance operator, characterizing
Gaussian measures in Hilbert spaces, are also compared in terms of their asymp-
totic efficiency, in that paper.

We first recall that the class of processes studied here could be of interest
in applications, for instance, in the context of anomalous physical diffusion pro-
cesses (see, for example, Meerschaert et al., 2002; Gorenflo and Mainardi, 2003,
and Metzler and Klafter, 2004, and the references therein). An interesting exam-
ple of our framework corresponds to the case of spatial fractal diffusion operator,
and regular innovations. Specifically, the class of standard Gaussian ARH(1)
processes studied have a bounded linear autocorrelation operator, admitting a
weak-sense diagonal spectral representation, in terms of the eigenvectors of the
autocovariance operator. The sequence of diagonal coefficients, in such a spec-
tral representation, displays an accumulation point at one. The singularity of
the autocorrelation kernel is compensated by the regularity of the autocovariance
kernel of the innovation process. Namely, the key assumption here is the summa-
bility of the quotient between the eigenvalues of the autocovariance operator of
the innovation process and of the ARH(1) process. Under suitable conditions,
the asymptotic efficiency and equivalence of the studied diagonal component-
wise classical and bayesian estimators of the autocorrelation operator are derived
(see Theorem 4.1 below). Under the same setting of conditions the asymptotic
efficiency and equivalence of the corresponding classical and bayesian ARH(1)
plug-in predictors are proved as well (see Theorem 4.2 below). Although both
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theorems only refer to the case of known eigenvectors of the autocovariance oper-
ator, as illustrated in the simulation study undertaken in Alvarez—Liébana, Bosq
and Ruiz-Medina (2017) (see also Ruiz-Medina and Alvarez-Liébana, 2017), a
similar performance is obtained for the case of unknown eigenvectors, in com-
parison with other componentwise, kernel-based, wavelet-based penalized and
nonparametric approaches adopted in the current literature (see Antoniadis and
Sapatinas, 2003; Besse and Cardot, 1996; Bosq, 2000; Guillas, 2001; Mas, 1999).

Note that, for 6 being the unknown parameter, in order to compute
E (0|1 X4, ..., X;), with X1, ..., X, denoting the functional sample, we suppose that
0; L (Xij, i >1,5' # j), which leads to

<E (9’X1, ,Xn) ,’Uj>H =F (9j|X1, ...,Xn) =F (Hj‘Xl,ja ceny Xn,j) .

Here, for each j > 1, 0; = (0,v;), and X; j = (X3, v5) y, i = 1,...,n, with (-,)
being the inner product in the real separable Hilbert space H. Note that {v;, j >1}
denotes an orthonormal basis of H, diagonalizing the common autocovariance
operator of X1, ..., X;,. We can then perform an independent computation of the
respective posterior distributions of the projections ¢;, j > 1, of parameter 0,
with respect to the orthonormal basis {v;, j > 1} of H.

Finally, some numerical examples are considered to illustrate the results
derived on asymptotic efficiency and equivalence of moment-based classical and
beta-prior-based Bayes diagonal componentwise parameter estimators, and the
associated ARH(1) plug-in predictors.

2. PRELIMINARIES

The preliminary definitions and results needed in the subsequent develop-
ment are introduced in this section. We first refer to the usual class of standard
ARH(1) processes introduced in Bosq (2000).

Definition 2.1. Let H be a real separable Hilbert space. A sequence Y =
(Y, n € Z) of H-valued random variables on a basic probability space (€2, A, P) is
called an autoregressive Hilbertian process of order one, associated with (p, €, p),
if it is stationary and satisfies

(2-1) Xn :Yn_ﬂ/:p(Yn—l _N)+5n :p(Xn—1)+5n7 n € 7z,

where ¢ = (g,,, n € Z) is a Hilbert-valued white noise in the strong sense (i.e., a
zero-mean stationary sequence of independent H-valued random variables with
E|len||3 = 0? < oo, for every n € Z), and p € L(H), with £(H) being the space
of linear bounded operators on H. For each n € Z, ¢,, and X,,_; are assumed to
be uncorrelated.
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If there exists a positive jo > 1 such that [|p||zz) < 1, then, the ARH(1)
process X in (2.1) is standard, and there exists a unique stationary solution to
equation (2.1) admitting a MAH(oo) representation (see Theorem 3.1 in Bosq,
2000, p. 74).

The autocovariance and cross-covariance operators are given by

C = E[X,®X,] = E[Xo® X,], neZ,

(2.2)
D = E[Xn®Xn+1]:E[XO®X1]a n € Z,

where, for f,g € H,

f®g(h):f<g>h>H7 Vh € H,

defines a Hilbert—Schmidt operator on H. Operator C is assumed to be in the
trace class. In particular, E||X,||% < oo, for all n € Z. It is well-known that,
from equations (2.1) and (2.2), for all h € H, D(h) = pC(h) (see, for example,
Bosq, 2000). However, since C' is a nuclear or trace operator, its inverse operator
is an unbounded operator in H. Different methodologies have been adopted
to overcome this problem in the current literature on ARH(1) processes. In
particular, here, we consider the case where C(H) = H, under Assumption A2
below, since C' is assumed to be strictly positive. That is, its eigenvalues are
strictly positive and the kernel space of C' is trivial. In addition, they are assumed
to have multiplicity one. Therefore, for any f,g € H, there exist ¢, ¢ € H such
that f = C(p) and g = C(¢), and

<Cil(f)7cil(g)>[{ = <C71(C(§0))7071(C(¢))>H = <907 ¢>H .

In particular, ||C~(f)||% < oo, for every f € H.
Assumption Al. The operator p in (2.1) is self-adjoint with ||p[| sz < 1.

Assumption A2. Operator C is strictly positive, and its positive eigen-
values have multiplicity one. Furthermore, C and p admit the following diagonal
spectral decompositions: For all f,g € H,

(2.3) COf) = D MlC) (brs )iy (Dk: )i
k=1

(2.4) p()(f) = Pk Dk 9) g (Drs F i s
k=1

where {\;(C), k> 1} and {pg, k > 1} are the respective systems of eigenvalues
of C and p, and {¢, k > 1} is the common system of orthonormal eigenvectors
of the autocovariance operator C.
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Remark 2.1. As commented before, we consider here the case where the
eigenvectors { ¢y }x>1 of the autocovariance operator C' are known. Thus, under
Assumption A2, the natural way to formulate a componentwise estimator of the
autocorrelation operator p is in terms of the respective estimators of its diagonal
coefficients {pj}r>1, computed from the respective projections of the observed
functional data, Xo,..., X7, into {¢g, k> 1}. We adopt here a moment-based
classical and Beta-prior-based bayesian approach in the estimation of such coef-
ficients {pg }x>1-

From Cauchy—Schwarz inequality, applying Parseval identity,

NP < \pk|[<¢k,g>HJQZ|pk\[<¢k,f>H12
k=1 —
<N k9l > " U Ful® = gl 113 < oo
k=1 k=1

Thus, equation (2.4) holds in the weak sense.

From Assumption A2, the projection of X, into the common eigenvector
system {¢r, k > 1} leads to the following series expansion in £% (€2, A, P) :

M (C(m)de,  mi(n) = Ai(c) (X 68 1

NE

(2.5) X, =

e
Il

1

and, for each j,p > 1, and n > 0,

Enj(n)np(n)] = $i)

(X, (X, Op) iy
ﬁ n ey

2.6 = )\ Pp
(2.6) \/7\/7¢¢)

= ¢)¢> _57
\/7\/7 Jy¥PIH 7P

where 4(..) denotes the Kronecker delta function, and the last equality is ob-
tained from the orthonormality of the eigenvectors {¢x, k > 1}. Hence, under
Assumptions A1l and A2, the projection of equation (2.1) into the elements
of the common eigenvector system {¢r, k> 1} leads to the following infinite-
dimensional system of equations:

(2.7) VAR(C)me(n) = pre/ Ae(C)me(n — 1) +eg(n), k>1,

or equivalently,

(2.8) nk(n) = penk(n — 1) + ——=
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where €(n) = (en, ¢r) y, for k> 1, and n € Z. Thus, for each j > 1, {a;(n) =
VA (C)nj(n), n € Z} defines a standard AR(1) process. Its Moving Average
representation of infinite order is given by

[pj}ksj(n —k), nez.

Nk

(2.9) a(n) =

£
Il

0

Specifically, under Assumption A2,

Elaj(n)ap(n)] = Y > [pil"lop Elej(n — k)ep(n — 1)

il
o
o~
Il

o

(031" ) kadjp =0, § #p,

e
NE

0

Elaj(n)ap(n)] = Y _a3lo*, j=p,
k=0

N
Il
o

(2.10)

g 1

where 0% = Elej(n — k)]*> = E[g;(0)]*.

From equation (2.10), under Assumptions A1-A2,

E|X()F = ) Eloy(m)* =Y o7 > [o]*
j=1 j=1 k=0
(2.11)
[e.9] 1 oo
N2 [ _
=Y 1]~ M@ <
= 1 [PJ] =1
with, as before,

> of = Elle(n)|} < oc.
j=1

Equation (2.11) leads to the identity

(2.12) \(C) =

2
o
—I . 21

from which, we obtain

2
O

AR(C)’

(2.13) P =4/1— 02 = E[(¢p,et)y)*, VEEZ, k>1.

Under (2.12), equation (2.8) can also be rewritten as

(2.14) m(n) = prm(n — 1) + /1 — ng’i‘("), k>
k
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Assumption A2B. The sequences {07 }x>1 and {\;(C)}r>1 satisfy

i o}
<1, k>1 li = 0.
M(C) =T E D B N0)
(2.15)
o

=0k, >0, k— oo.

Equation (2.15) means that {o7}r>1 and {\;(C)}r>1 are both summable se-
quences, with faster decay to zero of the sequence {U;%}kzl than the sequence
{A(C)}>1, leading, from equations (2.12) and (2.13), to the definition of {p? }x>1
as a sequence with accumulation point at one.

Remark 2.2. Under Assumption A2B, Assumption A3 below holds.

For each k > 1, from equations (2.7)-(2.9),

T T
T 00
(2.16) +Z Z orl pr)Per(n — 1 = Dep(n — 1 — p)
n=1 =1 p=1
- ! 3 D)2+ S(T, k
- )\k(c) n:1[€k(n_ )] + ( ) )

where S(T,k) = S.0_ S, Z;’;l[pk]l[pk]pak(n —1—10eg(n—1—p). Hence,
ST lew(n—1))2 + S(T,k) >0, for every T > 1, and k > 1.

n=1

Assumption A3. There exists a sequence of real-valued independent
random variables {M (k)}x>1 such that

inf 4l
TR |7 (S22 fer ()] + [e4(0))

(2.17) — inf Zle 2 Z;iﬂpk]l[Pk]pEk(n —1—-Deg(n—1-p)
= T (S22 fer )] + [ (0))

[M(K)]™ as., with iE[H(k)}l <oo, 1<1<4.

AV

Remark 2.3. Note that the mean value of

T oo oo

Z Z Z[pk]l[/)k]p5k(n —1—Deg(n —1—p)

n=1 =1 p=1
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. To?
is of order ﬁ, and the mean value of

T—1
T (Z [er(n)]? + [5k(0)]2)
n=1

is of order T(T — 1)o2. Hence, for the almost surely boundedness of the in-
S(T,k)

T(X5 21 len ()’ +en (0))

summable [-moments, for [ = 1,2, 3,4, the eigenvalues of operator p must be close

to one but strictly less than one. As commented in Remark 2.2, from Assump-

tion A2B, this condition is satisfied in view of equation (2.13).

verse of

‘, by a suitable sequence of random variables with

Assumption A4. E[n;(m)ni(n)] = 6, with, as before, §;, denoting the
Kronecker delta function, for every m,n € Z, and j, k > 1.

Remark 2.4. Assumption A4 implies that the cross-covariance opera-
tor D admits a diagonal spectral decomposition in terms of the system of eigen-
vectors {¢x }x>1. Thus, under Assumption A4, the diagonal spectral decompo-
sitions (2.3) and (2.4) also hold.

The classical diagonal componentwise estimator pr of p considered here is

given by 00
pr = Z Pie,T[Pk © di]
k=1
5o p = Ly ak(n = Dar(n)
.15) | > pei lar(n — 1)]2

Zzzl <Xn—17 ¢k>]—1 <Xm ¢k>H
St (X1, 1) )
S X1k Xk

= ko> 1.
an nlk

From equations (2.7)-(2.8) and (2.12), for each k > 1,

) > omet X146 Xk
Pk, T — Pk = ZLﬂanl,k]Q — Pk
ST el — DI+ (el — Desn))/VARC)
Sor_ k(= 1)]2
ST mk(n = D)e(n)
\/Tzn Lme(n — 1)]
(2.19) — Z£=1 ne(n — 1)eg(n)
o2 /(1= p3) X pylm(n = 1)]2

)
(2.20) _ an 1k — 1)[€k(n;/ok].

n 177kn_1)]
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Remark 2.5. It is important to note that, for instance, unconditional
bases, like wavelets, provide the spectral diagonalization of an extensive family of
operators, including pseudodifferential operators, and in particular, Calderén—
Zygmund operators (see Kyriazis and Petrushev, 2001; Meyer and Coifman,
1997). Therefore, the diagonal spectral representations (2.3) and (2.4), in As-
sumption A2, hold for a wide class of autocovariance and cross-covariance oper-
ators, for example, in terms of wavelets. When the autocovariance and the cross-
covariance operators are related by a continuous function, the diagonal spectral
representations (2.3) and (2.4) are also satisfied (see Dautray and Lions, 1985,
pp. 119, 126 and 140). Assumption A2 has been considered, for example, in
Theorem 8.5, on pp.215-216, and in Theorem 8.7, on p. 221, in Bosq (2000), to
establish strong consistency, although, in this book, a different setting of condi-
tions is assumed. Thus, Assumption A1l and A2 already have been used (e.g.,
in Bosq, 2000; Alvarez—Liébana, Bosq, Ruiz-Medina, 2017, and Ruiz-Medina and
Alvarez-Liébana, 2017), and Assumptions A2B, A3 and A4 appear in Ruiz-
Medina, Romano and Ferndandez-Pascual (2016). Assumptions A2B is needed
since the usual assumption on the Hilbert—Schmidt property of p, made by sev-
eral authors, is not considered here. At the same type, as commented before,
Assumptions A2B implies Assumption A3.

The following lemmas will be used in the derivation of the main results of
this paper, Theorems 4.1 and 4.2, obtained in the Gaussian ARH(1) context.

Lemma 2.1. Let &, i =1,...,n, be the values of a standard zero-mean
autoregressive process of order one (AR(1) process) at times i = 1,2, ...,n, and
Pn = ZZ‘:#;;XZ’ with Xy representing the random initial condition. Assume that
lp| <1, ;Tlld Ellat the innovation process is white noise. Then, as n — oo,

ﬁn - P

The proof of Lemma 2.1 can be found in Hamilton (1994, p. 216).

Lemma 2.2. Let X7 and X5 be two normal distributed random variables
having correlation px, x,, and with means y; and pg, and variances o3 and o3,
respectively. Then, the following identities hold:

E[X1 X)) = papo + payx,0102
(2.22)

Var(X1Xp) = pios + 507 + 0705 + 2px, x, 111 120102 + P, 24,0103

(see, for example, Aroian, 1947; Ware and Lad, 2003).
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Lemma 2.3. For each k > 1, the following limit is obtained:
(2.23) Jim TE[pyr — pr?=1—-pf, k=1
— 00

(see, for example, Bartlett, 1946).

3. BAYESIAN DIAGONAL COMPONENTWISE ESTIMATION

Let us now denote by R the functional random variable on the basic prob-
ability space (2, 4, P), characterized by the prior distribution for p. In our case,
we assume that R is of the form

(3.1) ZRk (D0, F g (Drs9) g, Vfge H, as.

where, for k> 1, Ry is a real-valued random variable such that R(¢;)(¢r) =
;1 Ry, almost surely, for every j > 1. In the following, Ry, is assumed to follow a
beta distribution with shape parameters a;, > 0 and by > 0, i.e., Ry ~ B(ay, by),
for every k > 1. We also assume that R is independent of the functional compo-
nents of the innovation process (g, n € Z), and that the random variables Ry,

k > 1, are globally independent. That is, for each f,g € H,

pRI(t) = E |exp (itZRk <¢k,f>H<¢k,g>H>]
(3.2) o =
= ] Elexp (it Rk (dk, 1) (Dk: 9) HsoRk ( Dk f) 1 (Phs 9 ) -
k=1
Thus,

H @Ry, (L (P ® D)) s

where the last identity is understood in the weak-sense, i.e., in the sense of equa-
tion (3.2). In the definition of R from {R;, j > 1}, we can then apply Kolmogorov
extension theorem under the condition

gk

<
< (a;+b; —i—l)(aj—i-b) >

(see, for example, Khoshnevisan, 2007).

As in the real-valued case (see Appendix A), considering b; > 1, for each
j > 1, the Bayes estimator of p is defined by (see Case 2 in Appendix A)

Jj=1
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with, for every j > 1,

- 1
Pin = g [(@in + 01m) & (@i = 010)* — 48100712 — (a1 +b;)]]
]7”
) [Z?:l i-1,ji + 1‘?_1,]}
3.
23 xzzfl,j
2
\/[Z?:1 Li—-1,jT4,5 — x?—l,j} - 4‘7]2‘ [Z?:l 1’?—14} 2 — (a; + b;)]
+ )
23 37@2—1,3‘
where
n n
(35) aj,n = infl,jx’i,ja ﬁj,n = Zl‘?_ld-, j Z 1, n Z 2.
i=1 i=1

4. ASYMPTOTIC EFFICIENCY AND EQUIVALENCE

In this section, sufficient conditions are derived to ensure the asymptotic
efficiency and equivalence of the diagonal componentwise estimators of p formu-
lated in the classical (see equation (2.18)), and in the bayesian (see equations
(3.3)-(3.4)) frameworks.

Theorem 4.1. Under conditions A1, A2, A2B, A3 and A4, assume
that the ARH(1) process X satisfies, for each j > 1, and, for every T > 2,

T
(4.1) Zgj(i)Xi—laj Z 0, a.s..
i=1

That is, {€;(i), i > 1} and {X;_1, © > 0} are almost surely positive empirically
correlated. In addition, for every j > 1, the hyper-parameters a; and b; of the
beta prior distribution, (3(aj,b;), are such that a; + b; > 2. Then, the following
identities are obtained:

2
O

k(C)

(42)  lim TE [Hﬁ% - pH?sg{)} = lim TE [HﬁT - PH?‘(H)] =25
=1

< 00,

where pr is defined in equation (2.18), and p; is defined from equations
(3.3)—(3.4), considering

- 1
(43)  pip = %r [(%T + Bjr) — \/(%T = Bjr)? — 481032 — (aj + bj)]| ,

with, as before, for each j > 1, X;; = (X;,¢;)y, 1 =0,...,T, and a7 and 31
are given in (3.5), for every T > 2.
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Proof: Under Assumptions A1-A2, from Remark B.1 and Corollary
B.1, in Appendix B, for each j > 1, and for T sufficiently large,

(4.4) pir| <1, as.
Also, under (4.1),

T T
ijXz?—Lj +¢;(1)Xi—1 2 ijXzZ—l,jv a.8.,
i=1 i=1

which is equivalent to

T .
D et ijiQ—Lj +€5(1) Xi-1
T
> et Xizfl,j

(4.5) piT = > pj,  a.s.,

for every j > 1.

From (4.5), to obtain the following a.s. inequality:

- . . 4022 — (aj + bj)]
2lp;r — psl = pj,T—pj+1—pj—\/(pj,T—1)2— —
’ ﬂJ,T
(4.6) R '
< 2|p],T - p]|7 a.s, ] > ]—7
it is sufficient that
N R 4032 = (a; +bj)]
—piT+pj < 1—pj—\/(pj,T—1)2— ’ G < PiT — Pis &S,
-7’

which is equivalent to

Bir

2 )
4aj

~2—(a; +b))
Bjr

That is, keeping in mind that O'JQ- =\ (C)(1 - pJQ) =X (C)(1 + pj)(1 = pj), con-
dition (4.7) can also be expressed as

(4.7) 0< < 4(pj,r — p;)(1 = pj) a.s..

2 — (aj + b)) N Bir
0< ———21 L < 4(pir — p;)(1 — pj L , a.s.
ie.,
2—(a; + b)) - Bir
4.8 0< ———L < (pjr—p)rrae— as,
. . ‘ B;. Bir s .
for j > 1. Since, for each j > 1, )\j(c)J(lTerj) > 2)\;(2)’ it is sufficient that
2—(aj+0bj) . Bjr
4.9 0< 22T (5o~ )2 g
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to hold to ensure that inequality (4.6) is satisfied. Furthermore, from Remark B.1
and Corollary B.1, in Appendix B, for each j > 1, ;7 — oo, and

Bjr=0(T), T—oo, as., j>1.
Also, we have, from such remark and corollary, that
(pjr—pj) =0(1), T—o0, as., j>1.

Thus, for each j > 1, the upper bound, in (4.9), diverges as ' — oo, which means,
that, for T" sufficiently large, inequality (4.6) holds, if a; +b; > 2, for each j > 1.

Now, from (4.6), under Assumption A3, for each j > 1,

T\pjr — pil* < M%(j), as.
(4.10) 2 -
T\p.r — o3> < Tlpjr — pi* < MP(j), as.

Furthermore, for each j > 1, 817 — oo, and B = O(T), as T' — oo, al-
most surely. Hence,

4022~ (a; + b))
Bj.r

From equation (4.3), we then have that, for each j > 1,

— 0, T -—o0, as., Vj>1.

N U N - 2
Jim ‘pj,T _pj,T‘ = [Jim_ ‘2 [P +1) = ((Pir = 1)

1/2
(4.11) _i(;?[z - (aj+bj)]> ] —PiT

= lim |[pjr —pjr|=0
B i Pir = pirl =0,

almost surely. Thus, the almost surely convergence, when T — oo, of ,T)J_T and
p; T to the same limit is obtained, for every j > 1.

From equation (4.10),
2 —
412) Tl gyl < 20| (7= 03) 4 (i = 3| S4TPG). s

Since FE [M 2(j)] < oo, applying Dominated Convergence Theorem, from equation
(4.12), considering (2.23) we obtain, for each j > 1,

(4.13) Jim TE[5; . — pj)* = Jim TE[pjr - pj]* =1 pj.

Under Assumptions A3, from (4.10), for each j > 1, and for every T' > 1,
TE[pjr — pi)* < EIM*(j)]
TE[p; 1 — pil* < EIM?(j)]
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with > 222, E[M 2(j)] < oco. Applying again Dominated Convergence Theorem
(with integration performed with respect to a counting measure), we obtain from
(4.13), keeping in mind relationship (2.13),

[o.¢] (o)
. ~ 12 _ . ~ 12
A ) TE[p;p—pil” = ) Jim TE[p; - pjl
7j=1 7=1
oo oo
_ - S o2 2
(4.14) =2 Jim TEpr—p? =3 1-p
j=1 7=1
[e%e] 0_2
- J 1 TE[p
ZAJ(C) ngoz [Pir — pil* < o0,
j=1 7j=1

in view of equation (2.15) in Assumption A2B. That is, equation (4.2) holds.
O

Theorem 4.2. Under the conditions of Theorem 4.1,

Jim TE [|lpp(X7) = p(Xp)llf] = Jim TE [||pr(Xr) — p(X1)|7]

Z)\k l—pk,

(4.15)
Here,

5%(XT) = Zﬁ;,T (XT»ij)H ®5,

j=1
Pir = Br [(%',TJrﬁj,T) —\/(aj,T —Bjr)* — 43032~ (a; +bj)]J ,J>1,
]7
) T
. . . Xic1;Xi5 .
pT(XT) = ij,T <XT7¢]>H ¢ja pj,TZZ 1= 7] ZJ, J > 17
j=1 Zz 1 Z—lj
oo
) = i (Xr,di)y bin pi = p(85)(dy), §=1.
Proof: From equation (4.11), for every j, k > 1,
(416) [(ﬁ;T — ﬁ]vT)(ﬁlz,T — b‘k7T)]2 — 0, T — o, a.s.

In addition, from equation (4.12), for every j, k > 1,

AT2(INNT2( 7 N .
@17) G~ pin) B~ pen)? < 162 CEED < y6xp 0312 j),
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with E[M2(k)M?2(j)] = E[M%(k)|E[M?(j)] < co, under Assumption A3. Ap-
plying Dominated Convergence Theorem from (4.17), the almost surely conver-
gence in (4.16) implies the convergence in mean to zero, when 7" — co. Further-
more, under Assumption A3, for T' > 2,

oo oo
Z Z TQE[(IE;T - FA’JT)(IBI;T - ﬁk,T)]Q

=1 k=1
(a15) <i6| S BERGIEREMW)]| + iEW’“”] o
ik jk k=t

From (4.18), for every T > 2,

oo oo
T*Elpr — prlisan = Y Y T Bl 7 — pir) (Bror — Prr)]

71=1 k=1
(4.19) = 0
<16 | > EM(G)EM(K)]| + ZE[M‘*(@]] < o0,
Jik; 3#£k k=1

Equation (4.19) means that the rate of convergence to zero, as T — oo,
of the functional sequence {p; — pr}r>2 in the space Eé( ) (Q, A, P) is of order
T2

From definition of the norm in the space bounded linear operators, applying
Cauchy—Schwarz inequality, we obtain

Ello7(Xr) = pr(Xn) I} < B (157 — orlidm )| Xr %]
VB (15— prit /B 1l
2 (157 — el B ]

From the orthogonal expansion (2.5) of Xp, in terms of the independent real-
valued standard Gaussian random variables {1 (1) };>1, we have

(4.20)

IN

IA

E[1Xrl] = 323 M CMC) B (Tne(T)* = 3 35 A (C)M(C)385

(4.21) o0

From equations (4.19)-(4.21),

Ellp7 (Xr) - pr(Xp) % = O () T
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Thus, p(Xr) and pr(Xr) have the same limit in the space £3(€, A, P).

We now prove the approximation by trace (C (I — p2)) of the limit, in equa-
tion (4.15). Consider

Blpr(Xt) = p(X1)llF; — trace(C(I - p?))

(4.22) = S El(fer — o) PRDIM(C) — M(C)(1— 22),

k=1

where trace(C(I — p?)) = > 501 Ae(C)(1 — p?). From Lemmas 2.1 and 2.2 (see
last identity in equation (2.22)), for each k > 1, and for T" sufficiently large,

E [(Prr — pr)*np(T)] ~ Var(prr — pr) Var(n)

(4.23) x (14 2[Corr(pr.1 — pr, ne(T))]?).

Under Assumption A3, from equations (2.17)—(2.20), for every k > 1,
(4.24) TVar(per — pr) < (1 - p}) E[M?(k)]
From equations (4.22)—(4.24),

TE|pr(Xr) — (XT)||12H — trace(C(I - p?))
<Z>\k (1= p)EM (k)]
[1 + 2[Corr(pr, 1 — Pk Uk(T))]2] — M (C)(1 = p})

3\ (C) ZAk )(1 = p2)

k=1

(4.25)

(o)

since > pe; A(C) (1 —p2) < 3721 Ae(C) < oo, by the trace property of C. Here,
we have applied Cauchy—Schwartz inequality to obtain, for a certain constant
L >0,

S (OB < 3
k=1

AN
_—
||M8
e

Nk

N

(4.26) o o0
< BLJ > (€)Y EM (k)] < oo,

from the trace property of C, and since y ;o F [M2(K)] < oo, under Assump-
tion A3. From equations (2.23) and (4.25), one can get, applying Dominated
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Convergence Theorem,

. . B 2 _ _ I
Jim TE|pr(Xr) — p(X7) |5 Z)‘k(c)TlgI;OTE[Pk,T Pk]

X Tlim [1+ [Corr (D1 — pis i (T)))?]
(4.27)

where we have considered that

lim [Cov(pir — pr ()P < lim Efpr — piEle (1))
T—o0 T—o0
. 1-p}
=1 =0
oo -

5. NUMERICAL EXAMPLES

This section illustrates the theoretical results derived on asymptotic effi-
ciency and equivalence of the proposed classical and bayesian diagonal compo-
nentwise estimators of the autocorrelation operator, as well as of the associated
ARH(1) plug-in predictors. Under the conditions assumed in Theorem 4.1, three
examples of standard zero-mean Gaussian ARH(1) processes are generated, re-
spectively corresponding to consider different rates of convergence to zero of the
eigenvalues of the autocovariance operator. The truncation order k7 in Examples
1 and 2 is fixed, i.e., it does not depend on the sample size T' (see equations (5.2)
and (5.3) below). While in Example 3, k7 is selected such that

(5.1) Jim Crp VT = 0.

Specifically, in the first two examples, the choice of kp is driven looking for a com-
promise between the sample size and the number of parameters to be estimated.
With this aim the value k7 = 5 is fixed, independently of 7. This is the number
of parameters that can be estimated in an efficient way, from most of the values of
the sample size T studied. In Example 3, the truncation parameter kp is defined
as a fractional power of the sample size. Note that Example 3 corresponds to the
fastest decay velocity of the eigenvalues of the autocovariance operator. Hence,
the lowest truncation order for a given sample size must be selected according to
the truncation rule (5.1).
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The generation of N = 1000 realizations of the functional values Xy, t =
0,1,...,7, for T = 250,500, 750, 1000, 1250, 1500, 1750, 2000, denoting as before
the sample size, is performed, for each one of the ARH(1) processes, defined in
the three examples below. Based on those generations, and on the sample sizes
studied, the truncated empirical functional mean-square errors of the classical
and Bayes diagonal componentwise parameter estimators of the autocorrelation
operator p are computed as follows:

N k
1 - 2
(5.2) EFMSEy, =+ > > (3 —p5)"
w=1j=1
1 L 2
2
(5.3) EFMSEy ) = ~ > > (Pir—pi) Xty
w=1 j=1

where ﬁ‘f’T can be the classical p; 7 or the Bayes p;r diagonal componentwise
estimator of the autocorrelation operator, and “ denotes the sample point w € 2
associated with each one of the N = 1000 realizations generated of each functional
value of the ARH(1) process X.

On the other hand, as assumed in the previous section, py ~ B (ak,by),
with ar + bx > 2, ax > 0 and by > 1, for each k > 1. Thus, parameters (a, by)
are defined as follows:

(5.4) b, =1+1/100, ap=2%, k>1,
where
a
(5.5) Rk k — o0,

arby, ( 1 )
A% = =0 =1,
[Pk] (ak —|—bk+1) (ak—i-bk)Q 22k

with { pi, k> 1} being a random sequence such that its elements tend to be
concentrated around point one, when k — oo. From (5.5), since

(5.6) o =M (C) (1=p}), k=1,

Assumption A2B is satisfied. In addition, Condition 4.1 is verified in the
generations performed in the Gaussian framework.
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5.1. Example 1

Let us assume that the eigenvalues of the autocovariance operator of the
ARH(1) process X are given by

A (C) k> 1.

:W’

Thus, C' is a strictly positive and trace operator, where {pi, k> 1} and {U,QC, k> 1}
are generated from (5.4)—(5.6).

Tables 1 and 2 display the values of the empirical functional mean-square
errors, given in (5.2)—(5.3), associated with pr and p;., and with the corresponding
ARH(1) plug-in predictors, with, as before,

(5.7) T = 250,500, 750, 1000, 1250, 1500, 1750, 2000,

considering k7 = 5. The respective graphical representations are displayed in
Figures 1-2, where, for comparative purposes, the values of the curve 1/7T are
also drawn for the finite sample sizes (5.7).

Table 1: Example 1. Empirical functional mean-square errors EFMSE;, .

Sample size Classical estimator pr Bayes estimator pr.
250 2.13 e—003 2.23 e—003
500 1.24 e—003 1.04 e—003
750 8.44 e—004 7.13 e—004
1000 6.91 e—004 5.84 e—004
1250 5.97 e—004 4.72 e—004
1500 4.89 e—004 3.98 e—004
1750 4.13 e—004 3.06 e—004
2000 3.61 e—004 2.59 e—004

Table 2: Example 1. Empirical functional mean-square errors EFMSE; (x.)-

Sample size Classical predictor pr (Xr) Bayes predictor pr. (X1)

250 1.22 e—003 1.42 e—003
500 6.08 e—004 6.36 e—004
750 3.24 e—004 4.06 e—004
1000 3.05 e—004 2.77 e—004
1250 2.74 e—004 2.39 e—004
1500 2.07 e—004 1.78 e—004
1750 1.71 e—004 1.48 e—004
2000 1.64 e—004 1.42 e—004
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Figure 1: Example 1. Empirical functional mean-square errors of classi-
cal (blue circle line), and Bayes (green cross line) component-
wise ARH(1) parameter estimators, with kr = 5, for N = 1000
replications of the ARH(1) values, against the curve 1/T (red
dot line), for T = 250, 500, 750, 1000, 1250, 1500, 1750, 2000.
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Figure 2: Example 1. Empirical functional mean-square errors of classi-
cal (blue circle line), and Bayes (green cross line) componen-
twise ARH(1) plug-in predictors, with kr =5, for N = 1000
replications of the ARH(1) values, against the curve 1/T (red
dot line), for T = 250, 500, 750, 1000, 1250, 1500, 1750, 2000.
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5.2. Example 2

In this example, a bit slower decay velocity, than in Example 1, of the
eigenvalues of the autocovariance operator of the ARH(1) process is considered.
Specifically,

1

Ak(C) = ZIrL10

k> 1.

Thus, C is a strictly positive self-adjoint trace operator, where { pz, k> 1} and
{02, k > 1} are generated, as before, from (5.4)—(5.6).

Tables 3 and 4 show the values of the empirical functional mean square
errors, associated with pr and p,, and with the corresponding ARH(1) plug-
in predictors, respectively. Figures 3—4 provide the graphical representations in
comparison with the values of the curve 1/7T for T given in (5.7), with, as before,
kr = 5.

Table 3: Example 2. Empirical functional mean-square errors EFMSE;, .

Sample size Classical estimator pr Bayes estimator p.
250 4.18 e—003 6.09 e—003
500 2.20 e—003 2.30 e—003
750 1.52 e—003 1.39 e—003
1000 1.14 e—003 1.00 e—003
1250 9.55 e—004 7.97 e—004
1500 7.97 e—004 6.64 e—004
1750 7.01 e—004 5.37 e—004
2000 6.22 e—004 5.00 e—004

Table 4: Example 2. Empirical functional mean-square errors EFMSE; (x.)-

Sample size Classical predictor pr (Xr) Bayes predictor pr. (X1)

250 3.25 e—003 3.18 e—003
500 1.59 e—003 1.40 e—003
750 9.47 e—004 8.19 e—004
1000 7.89 e—004 6.88 e—004
1250 7.24 e—004 6.10 e—004
1500 5.53 e—004 4.77 e—004
1750 5.31 e—004 4.49 e—004
2000 4.61 e—004 4.00 e—004
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Figure 3: Example 2. Empirical functional mean-square errors of classi-
cal (blue circle line), and Bayes (green cross line) component-
wise ARH(1) parameter estimators, with kr = 5, for N = 1000
replications of the ARH(1) values, against the curve 1/T (red
dot line), for T = 250, 500, 750, 1000, 1250, 1500, 1750, 2000.
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Figure 4: Example 2. Empirical functional mean-square errors of classi-
cal (blue circle line), and Bayes (green cross line) componen-
twise ARH(1) plug-in predictors, with kr =5, for N = 1000
replications of the ARH(1) values, against the curve 1/T (red
dot line), for T = 250, 500, 750, 1000, 1250, 1500, 1750, 2000.
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5.3. Example 3

It is well-known that the singularity of the inverse of the autocovariance
operator C' increases, when the rate of convergence to zero of the eigenvalues of
C indicates a faster decay velocity, as in this example. Specifically, here,

1

(5.8) A(C)
As before, {p?, k>1} and {o?, k> 1} are generated from (5.4)—(5.6). The
truncation order kr satisfies

(5.9) kr = [TY*],  lim kp = oo, Jim VTCh, = oo

T—o0

(see also the simulation study undertaken in Alvarez-Liébana, Bosq and Ruiz-
Medina, 2017, for the case of p being a Hilbert—Schmidt operator). In particular,
(5.9) holds for %— % > 0. Thus, a > 4, and we consider o = 4.1, i.e., kpr =
[T1/4'1—‘.

Table 5: Example 3. Empirical functional mean-square errors EFMSE;, .

Sample size ‘ kn ‘ Classical estimator pr Bayes estimator p.
250 3 1.73 e—003 1.52 e—003
500 4 9.72 e—004 1.01 e—003
750 5 6.98 e—004 7.10 e—004
1000 5 5.63 e—004 4.35 e—004
1250 5 4.49 e—004 2.84 e—004
1500 5 3.94 e—004 2.24 e—004
1750 6 3.31 e—004 1.84 e—004
2000 7 3.05 e—004 1.70 e—004

Table 6: Example 3. Empirical functional mean-square errors EFMSE;  (x.)-

Sample size ‘ k. ‘ Classical predictor pr (Xr) Bayes predictor pr (Xr1)

250 3 1.92 e—003 1.31 e—003
500 4 8.24 e—004 5.75 e—004
750 5 5.60 e—004 4.08 e—004
1000 5 3.52 e—004 2.54 e—004
1250 5 2.62 e—004 1.45 e—004
1500 5 2.00 e—004 1.02 e—004
1750 6 1.37 e—004 9.57 e—005
2000 6 1.13 e—004 8.55 e—005
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Tables 56 show the empirical functional mean square errors associated with
pr and p;., and with the corresponding ARH(1) plug-in predictors, respectively.
As before, Figures 5 and 6 provide the graphical representations, and the values of
the curve 1/T, for T in (5.7), with the aim of illustrating the rate of convergence
to zero of the truncated empirical functional mean quadratic errors.

x108

45

0 1 1 1 1
200 400 600 800 1000 1200 1400 1600 1800 2000

T

Figure 5: Example 3. Empirical functional mean-square errors of classi-
cal (blue circle line), and Bayes (green cross line) componentwise
ARH(1) parameters estimators, with kp = [TY/®], a = 4.1, for
N = 1000 replications of the ARH(1) values, against the curve 1/T
(red dot line), for T' = 250, 500, 750, 1000, 1250, 1500, 1750, 2000.
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Figure 6: Example 3. Empirical functional mean-square errors of classi-
cal (blue circle line), and Bayes (green cross line) component-
wise ARH(1) plug-in predictors, with kp = [TY/®], a = 4.1, for
N = 1000 replications of the ARH(1) values, against the curve 1/T
(red dot line), for T = 250, 500, 750, 1000, 1250, 1500, 1750, 2000.
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In Examples 1 and 2, where a common fixed truncation order is considered,
we can observe that the biggest values of the empirical functional mean-square
errors are located at the smallest sample sizes, for which the number kr =5
of parameters to be estimated is too large, with a slightly worse performance
for those sample sizes, in Example 2, where a slower decay velocity, than in
Example 1, of the eigenvalues of the autocovariance operator C' is considered.
Note that, on the other hand, when a slower decay velocity of the eigenvalues
of C' is given, a larger truncation order is required to explain a given percentage
of the functional variance. For the fastest rate of convergence to zero of the
eigenvalues of the autocovariance operator C, in Example 3, to compensate the
singularity of the inverse covariance operator C~!, a suitable truncation order k7
is fitted, depending on the sample size T', obtaining a slightly better performance
than in the previous cases, where a fixed truncation order is studied.

6. FINAL COMMENTS

This paper addresses the case where the eigenvectors of C' are known, in
relation to the asymptotic efficiency and equivalence of p;r and ﬁ;T, and the
associated plug-in predictors. However, as shown in the simulation study under-
taken in Alvarez-Li¢bana, Bosq and Ruiz-Medina (2017), a similar performance
is obtained in the case where the eigenvectors of C' are unknown (see also Bosq,
2000, in relation to the asymptotic properties of the empirical eigenvectors of C').

In the cited references in the ARH(1) framework, the autocorrelation op-
erator is usually assumed to belong to the Hilbert—Schmidt class. Here, in the
absence of the compactness assumption (in particular, of the Hilbert—Schmidt
assumption) on the autocorrelation operator p, singular autocorrelation kernels
can be considered. As commented in the Introduction, the singularity of p is com-
pensated by the regularity of the autocovariance kernel of the innovation process,
as reflected in Assumption A2B.

Theorem 4.1 establishes sufficient conditions for the asymptotic efficiency
and equivalence of the proposed classical and Bayes diagonal componentwise pa-
rameter estimators of p, as well as of the associated ARH(1) plug-in predictors
(see Theorem 4.2). The simulation study illustrates the fact that the truncation
order k7 should be selected according to the rate of convergence to zero of the
eigenvalues of the autocovariance operator, and depending on the sample size T
Although, a fixed truncation order, independently of 7', has also been tested in
Examples 1 and 2, where a compromise between the rate of convergence to zero
of the eigenvalues, and the rate of increasing of the sample sizes is found.
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APPENDIX A — Bayesian estimation of real-valued autoregressive
processes of order one

In this section, we consider the Beta-prior-based bayesian estimation of the
autocorrelation coefficient p in a standard AR(1) process. Namely, the gener-
alized maximum likelihood estimator of such a parameter is computed, when a
beta prior is assumed for p. In the ARH(1) framework, we have adopted this es-
timation procedure in the approximation of the diagonal coefficients {pg, k > 1}
of operator p with respect to {¢x ® ¢, k > 1}, in a bayesian componentwise con-
text. Note that we also denote by p the autocorrelation coefficient of an AR(1)
process, since there is no place for confusion here.

Let {X,,, n € Z} be an AR(1) process satisfying
(A1) X, = pXp_1+en, nel,

where 0 < p <1, and {e,, n € Z} is a real-valued Gaussian white noise, i.e.,
en ~ N(0,0%), n € Z, are independent Gaussian random variables, with o > 0.
Here, we will use the conditional likelihood, and assume that (zi,...,x,) are
observed for n sufficiently large to ensure that the effect of the random initial
condition is negligible. A beta distribution with shape parameters a > 0 and
b > 0 is considered as a-priori distribution on p, i.e., p ~ B(a,b). Hence, the
distribution of (z1, ..., zy, p) has density

T L 1 ¢ - 1 Locp<y
L=—— ¢ = c— )2 | o1 — b—1{0<p :
T XP( 202;(56 pri1) )p =0 Ban

where

B(a,b) = ——~=

is the beta function.

We first compute the solution to the equation

8logz 0 1 « 9
0= 8,0 = 87p [_M - («Tz - pxi—l) + (CL - 1) logp+ (b - 1) log(l - P)
1 — a—1 b—1
A2 = —— —2x;_ P — i— i a—
(A2) 527 2 (“2me = i) + 50 — =
_ P a—1 _ b—1
- 0_2 0_2/371_'_ p 1_p7

where a,, = >

1=
be solved:
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Case 1. Considering a = b =1, and 02 = 1, we obtain the solution

5 = Yo i1
, = =T
Z?:l %2—1

Case 2. The general case where b > 1 is more intricate, since the solutions
are p, = 0, and

(A.3)
ﬁn = % |:(04n + Bn + \/ 4ﬂn0—2 [2 - ( + b)]:|
[Z:‘l:l Ti—1%; + 5’31271] = \/[Z?ﬂ Ti—1Tq — %271]2 —40? [Z? 1Ti— 1] 2 —(a+b)]

22?:1 331271

Case 3. For 02 = a =1, we have

(A4)

P = g5 (0 Ba) £ Vo — B)? — 45,01 D))

20n

= 22 x [Zml 1331—1—:101 1 sz 1:101—95 1 lel 1] (1-20).
i=1

i=1
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APPENDIX B — Strong-ergodic AR(1) processes

This section collects some strong-ergodicity results applied in this paper, for
real-valued weak-dependent random sequences. In particular, their application
to the AR(1) case is considered.

A real-valued stationary process {Y,},, oy is strongly-ergodic (or ergodic in
an almost surely sense), with respect to E{f (Yp, ..., Yn—1)} if, as n — oo,

1

(B.1) —

n—1-k
> F Vi Yiw) =% B{f (Yo,.. Yao1)}, k>0
=0

In particular, the following lemma provides sufficient condition to get the
strong-ergodicity for all second-order moments (see, for example, Theorem 3.5.8
in Stout, 1974, and the results presented on p. 495, in Billingsley, 1995).

Lemma B.1. Let {&,},.;, be an ii.d. sequence of real-valued random
variables. If f : R — R is a measurable function, then

(B.2) Yo = f (GnsBuot,..), nez,

is a stationary and strongly-ergodic process for all second-order moments.

Lemma B.1 is now applied to the invertible AR(1) case, when the innovation
process is white noise.

Remark B.1. If {Y,} ., is a real-valued zero-mean stationary AR(1)
process

(B.3) Yo=pYo1+en peR,|p <1, nez,

where {€,},c; is strong white noise, we can define the measurable (even contin-
uous) function

(B.4) flag,a1,..) = pray,
k=0
such that, from Lemma B.1 and for each n € Z,
(B.5) Yo=Y pe k=1 (e,
k=0

is a stationary and strongly-ergodic process for all second-order moments.



294 M. Dolores Ruiz-Medina and Javier Alvarez-Liébana

In the results derived in this paper, Remark B.1 is applied, for each j > 1, to
the real-valued zero-mean stationary AR(1) processes {X'n,j = (Xn,0j)yy» n € Z},
with {X,,, n € Z} now representing an ARH(1) process.

Corollary B.1. Under Assumptions A1-A2, for each j > 1, let us consider
the real-valued zero-mean stationary AR(1) process { Xpn j = (Xn, ¢5) 5, n € L},
such that, for each n € Z

(B.G) Xn,j = ijn—Lj +éeng, PjE R, |pj| <1,

Here, {e,, ;} nez 18 a real-valued strong white noise, for any j > 1. Thus, for each
J =1, {Xn,j},ez Is a stationary and strongly-ergodic process for all second-order
moments. In particular, for any j > 1, as n — oo,

~ 1 — ,
=1

N 1 « .
(B.8) Dyj = Y Xic1Xiy = Dy =E{Xio1;Xi ), i > L.
=1

n—14
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