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satisfy

Abstract:
., be a dis::rete random variable whose probability atoms {p, }

o Let N_
f(;z::)l) =a+pf %, n=0,1,..., for some o, € R, where U ~ Uniform(y,1),
~v € (=1, 1]. When jy — 1, U,— U,, the degenerate random variable with unit mass

B, neN

at 1, and the above iterative expression is % =a+ niﬂ for n =k, k+1,..., used
by Katz and by Panjer (k = 0), by Sundt and Jewell and by Willmot (k = 1) and, for
general k € N, by Hess, Lewald and Schmidt.

We investigate the case U, ~ Uniform(y, 1) with v € (=1, 1) in detail for o = 0.
We then construct classes C of discrete infinitely divisible randomly stopped sums
such that N, , € C_ . C, is the class of compound geometric random variables, C, is

the class of compound Poissons, and [y,[< 7, < 1 implies C CC CC,.
1 2
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1. INTRODUCTION

Let us consider the discrete random variables Na’
functions (p.m.f.) {fNa,g (n)},.cn satisfy

5 Whose probability mass

g0 =(ar D) 00 aper a=ot.

From (1.1) it follows that f, . (n)=1fy (0)]](a+ %) In particular,

n

fx O(n) = fx O(O)a =(l-a)a" = N, , —~ Geometric(l1—a) ,

and we may write

n

(1.2) fNa’O(n"i_l) = O‘fNa’O(n) = ZfNa,o(n) Tnej >
k=0
where r, = « is the ratio of a geometric series and r, =--- =r_ = 0.

On the other hand,

n
g g -5 3 :
fNO’ﬂ(n) = fNO’ﬂ(O)kl:IlE = fNo,ﬁ(O) e o = N, , — Poisson(3) ,
and we may write
n
(1.3) (n+1) fy, ,(n+1) = Bfy  (n) = kaNw ()7,
=0
where r, = # and r, = --- = r_ = 0. Note that similar expressions do not hold

N,
a,
for randomly stopped sums S, )= Sy B(Y) = > Y,, where the summands Y,
@ o k=1

are i.i.d. and independent of the subordinator N, ,, with p.m.f. satisfying (1.1),

.87
Na,O
whenever both a # 0 and 3 # 0. However, for geometric stopped sums > Y,
k=1

Ny s
and for Poisson stopped sums, > Y, (i.e., when either 5 = 0 or @ = 0) we
k=1

oo
get nice similar expressions, with the r, > 0 and convergence of ) r,, in the
k=0

(o]
case of geometric stopped sums, and convergence of kL-l—kP for Poisson stopped
k=0

sums. In the definition of randomly stopped sumsiIP’ [S ~ B:0| N, = 0] =1,
and therefore P[S, = 0] =P[N, ,=0] = fy 5(0) whenever ’]P’[Yk >0]=1).

o,
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Panjer (1981) has remarked that the discrete (nondegenerate) random vari-
ables whose p.m.f.’s satisfy equation (1.1) are

e N, ,~ Poisson(3), 8> 0,

e N, ,~ Bz’nomial(—l—g, %), in case a < 0 and —g eN', and
e N, ,~— NegativeBmomz'al(aaﬂ, 1-— a) if a€(0,1) and aa+ 3> 0.

The dispersion index oves) — 1 ig Jegs than 1 (underdispersion) for th
e dispersion index gy ™y = =7 is less than 1 (underdispersion) for the

binomial and greater than 1 (overdispersion) for the negative binomial.
On the other hand, N, , —~ Poisson(3) is a yardstick, with dispersion index 1.
We denote II the class of random variables N, , described above.

These random variables play an important role as subordinators in ran-
domly stopped sums. Compound or generalized random variables (other names
traditionally given to S, 5 cf. the discussion on terminology in Johnson, Kotz

and Kemp, 1992) are at the core of branching processes and many other subjects
where the aim is to obtain the distribution of randomly stopped sums, namely
in the study of aggregate claims in the risk process, see Klugman, Panjer and
Willmot (1998) and Roélski, Schmidli, Schmidt and Teugels (1999).

Katz (1965) had used an iterative expression equivalent to (1.1) to organize
a coordinated presentation of count distributions. Panjer’s (1981) pathbreaking
result has been to use the iterative expression satisfied by the p.m.f. of the sub-
ordinator N, ;, to get an iterative algorithm to compute the density function
(probability mass function or probability density function) of S Ny gt This is used
in section 2 to establish characterization theorems for infinitely divisible and for
geometric infinitely divisible generating functions.

In section 3, we investigate discrete random variables N, ,  whose proba-
bility mass function (p.m.f.) {p,},., satisfies the more general relation

fn_, (n+1) E(U!
(1.4) I;f@#):a—i—ﬁﬁ(]&;:a—i— nﬁ , ao,pBeR, n=01,..
Vo " >
k=0
where U, —~ Uniform(v, 1), v € (=1, 1). As
1 1 _’yn+1

1

)

(1.5) E(U) =

n—+1 1—’)/ y—1

Panjer’s class corresponds to the degenerate limit case, letting v — 1 so that
U,— U,, the degenerate random variable with unit mass at 1.
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When o = 0, the iterative expression for the p.m.f. of N ,  verifies

n+1

(1.6) 1=7 I, , (n41) ZfN P

1—7 a, ,'v
with r,= @ and r, = --- =r_ = 0, of which (1.2) and (1.3) aren’t but the cases
7 = 0 and v = 1, respectively. We shall investigate the classes C of randomly

0 By
stopped sums Z Y, , whose members satisfy (1.6) for nonnegative r,, with of

o0
>, <00
k=0

In section 4 we show that when [y,| <7, <1,C, CC . Also, for v € [0,1],
the classes C, form an increasing chain of classes of infinitely divisible random
variables, spanning from C,, the class of discrete geometric stopped sums, to C,,

the class of discrete Poisson stopped sums.

Many of these results rely on properties of absolutely monotone functions
scattered in the literature, that we shall discuss in section 2 below in conjunction
with Panjer theory. Ospina and Gerber (1987) remarked that the representation
theorem for the generating functions of discrete stopped Poisson sums (discrete
infinitely divisible laws) follows from Panjer’s theory, and the same is true for the
representation of geometric infinitely divisible generating functions, see section 2,
and for wider classes of generating functions whose bearing on general p-infinite
divisibility is worth noting. This will be further discussed in the concluding
section.

2. BASIC RESULTS

Let G(s) = Z f(n)s", s € [0,7), be the generating function of the sequence

{f(n)},cx; in other words, f(n) = g _(0), n € N.

If p,>0,n €N, then g(”)(s) >0, s € [0,7), and we say that G is absolutely
monotone (abs. mon.) in [0,7). If there exists » > 0 such that G is abs. mon. in
[0,7), we say that the function G is abs. mon. (Bernstein, 1928).

We refer to Widder (1946, chapt. IV) and to Feller (1968, chap. XI) for
basic information on absolutely monotone functions and generating functions;
Skellam and Shelton (1957) or Srivastava and Manocha (1984) provide a thorough
discussion. It is obvious that the sum or the product of abs. mon. functions is
abs. mon.; we shall need the following results:

1. Gis abs.mon. <= G(0)>0 and % is abs. mon. <= % [sG(s)] is abs. mon.
(since p, >0 iff (14+n)p, > 0).
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2. Let v € (—1, 1); then, G abs. mon. <= G(s) — vG(vs) abs. mon. (it is suf-
ficient to note that p, > 0 <= p, (1—7”“) >0).

Let |y| <n < 1; then, G abs.mon. = nG(ns) —vG(ys) abs.mon. (p, > 0
implies p, ("= ") > 0).

Note that nG(ns) — v G(~ys) is no longer abs. mon. if —1 <n <~ <0.

3. If G, is abs.mon. in [0,7,), G, is abs.mon. in [0,7,), and G,(s) < r, for all
€ [0,7,), the compound function G,0 G, = G,(G,) is abs.mon. in [0,r,).
In particular:

(a) As G, (s)=e" is the generating function of p, = X,
plies that (G,0G,)(s) = e’ is abs. mon.

G, abs.mon. im-

(b) As G,(s) = 1= is the generating function of p, =1, G, abs.mon. in

S
[0,r,) with G,(s) <1 for s € [0,r,) implies that (G,0G,)(s) = #(S)
2
is abs. mon.
N,

Let us now consider the randomly stopped sum S Z Y, , where Y, 4 Y,
k=1,2,..., are i.i.d. counting random variables, with p.m. f {fY 1)}, e indepen-
dent of the Panjer subordinator N, ,.

As

c=n+1
and
. *(k—1) .
n+1-—
y = S fy(J)fY*k ( J)j F=0nt1
fy (n+1)

(Rélski et al., 1999, p.119), where as usual f*k denotes the k-fold convolution

(fl*: 7/, f*k =[x f*(k_l) ), it follows that the probability mass function of a Pois-
son stopped sums (N, ,, >0) verifies

(n+1)fSN (n+1) Zfs B (n+1-k) f, (n+1-k)

(2.1) Z fs

with r, = 8 (k+1) f, (k+1) > 0, k=0,1,..., and it therefore follows that the gen-
erating function H Oﬁ( s) = Z T, s" of the {r,

nk’
NOa

}een is absolutely monotone, with

io: k:—kl = io: B f, (k+1) = 5 (1—f,(0)). Assuming that f, (0) = 0 (i.e., enforcing
k=0 k=0
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a unique representation by fixing this free parameter), multiplying both sides of
(1.6) by s and summing for n = 0,1, ..., we get,

1 r k41 BIP(s)—1]
(2.2) gsNo,ﬁ(S) = exp [ﬁ <E 2 k‘—:l s = 1)] =e )

+1

r

h — 1y
where P(s) = Ekz—:okﬂ s

is a (unique) p.g.f., such that P(0) =

On the other hand, for geometric stopped sums (N, ,, 0<a<1) we get

[e3

(2.3) e, (n1) Zfs (k)7

a,O

where r, = As in the treatment of Poisson stopped sums, we may

1-af, (0) "

get a unique representation theorem by letting the free parameter f, (0)=0,
o0

which implies Y r, = a, multiplying both sides of (2.3) by s and summing

k=0
for n =0,1,.... In terms of generating functions,

Gy (5) — f, (0)

- = G, ()M, (9
where H o is the generating function of {r, } ., which are all nonnegative, with
Zr =a € (0,1), ie. HNa,o is abs. mon. From QSN(l) = #00(1) = ﬁ—oa =1,
it follows that ’
_ Dy _ -« _ 11—«
gSN(S) - 1_$HN (S) - 00 R - 1—0(7D(8)

a,0

1—s> r.s
k=0

[e.°]
where P(s) = > % 5", such that P(0) = 0, is a p.g.f., because it is abs. mon.

o

k=0
and P(1) = 1. In other words, Panjer’s iteration also provides a straightforward
proof of the representation theorem for geometric infinitely divisible lattice dis-
tributions.

We record these representation theorems for the sake of the corollaries that
we then establish, which will be instrumental in the proof of the extensions in
sections 3 and 4.

Theorem 2.1. The p.g.f. QSN of a discrete Poisson stopped sum such
0,8

that IP’[S =0] = fs, ( ) > 0 has a unique representation s, (s) = S
0,5
where P is apgf such that P(0) =0, and = —Ing, (0).
0,5
The p.g.f. QSN of a discrete geometric stopped sum such that P[S,=0] =

a,0

. . . 1— .
Sn. (()0) > 0 has a unique representation QSN O($) = Tﬁ‘(s), where P is a p.g.f.

such that P(0) =0, and a =1 — s, (0).

a,0

o,
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25 1P(s)-
Observe also that exp(l - 1 ) e G (s). On the
N0 Yo r2g
other hand, = =G, (s):
1-in(G, () 1oFPE) I

Corolary 2.1.1.

(1) Let G be a probability generating function such that G(0) > 0; then, G is

the p.g.f. of a discrete Poisson stopped sum iff gg/((;)) is abs. mon.

(2) Let G be a p.g.f. such that G(0) > 0, and v € (—1,1). If G is the p.g.f. of a

discrete Poisson stopped sum, then gg((;g) is abs. mon., and G_(s) = %ﬁgs)

is also the p.g.f. of a Poisson stopped sum.

(3) Let G be a p.g.f. such that G(0) > 0, and |vy,| < v, < 1. If G is the p.g.f.

. . G(7y8) . .
of a discrete Poisson stopped sum, then Glys) 18 abs. mon. and QVI’WQ(s) =

g('yl) g('YQ 5)
g('YQ) g('yl 5)

is also the p.g.f. of a Poisson stopped sum.

(4) Any discrete geometric stopped sum such that P[S,=0] = p, >0 is a Poisson
stopped sum, i.e. infinitely divisible.

Proof: (1) From Theorem 2.1 we know that G, with G(0) > 0, is the

’ [e.e]
p.gf. of a Poisson stopped sum iff gg((j)):HNoﬁ(s): Zrksk, where
’ k=0

r,=pk+1)f(k+1)>0, k=0,1,..., and therefore its generating function
o0
H N, ﬁ(s) =y s" is absolutely monotone.
, k=0

(2) From formula (2.2), we see that G(s) > 0 for all s, therefore gg((js)) >1

if 0 <s<1. On the other hand, <& [ln gg((js))} = gg'((;)) - %,((3;)) is abs. mon., by

2.1.1.(1) and property 2 of abs. mon. functions. As In gg((js)) is nonnegative for s=0,

it is also abs. mon., by property 1 of abs. mon. functions. From property 3(a) of

abs. mon. functions, it follows that gg((;z) is abs.mon. Since G (0) = G(v) >0,

G,(1) =1, and gzgz; = % [ln gg((;g)] is abs. mon., we conclude that G_ is the p.g.f.

of a Poisson stopped sum.

(3) By 2.1.1.(2), g(72s§ is abs.mon., and by property 2 of abs.mon.

g('715
90 s G i = 9tn)
functions g’vi7”/j(8) =, g(sz) -M g(%ls) is abs. mon. Since QWIWQ(O) = Q(W;) >0

G(n) 9(18)
G(rp) 9(7y9)

and G (1) =1, it follows that G (s) = is the p.g.f. of a Poisson

stopped sum.



Extensions of Katz—Panjer Families of Discrete Distributions 153

(4) As we have seen, G with G(0) >0 is the p.g.f. of a discrete geometric

#}?0(8), where HNQ,O(S) < 1for s € [0, 1) is abs. mon.

stopped sum iff G(s) =
As

)]
g/(s) (178HN04,0(8))2 %[57‘[]\,&70(8)]

= g 0 = — s
G(s) % L=sHy, (5

a,0

G(0) £ [sHy_

and from property 1 of abs.mon. functions %[S’HN 0(3)} is abs.mon., from

1
sHy

a,0

property 3(b) we know that ;— 0 is abs. mon., and the product of abs. mon.

functions is abs.mon., it follows that % is abs.mon. From part (1) of
Corollary 2.1.1., it follows that G is the p.g.i‘). of a Poisson stopped sum. O

If the probability generating function G, of Y ~F, depends on the pa-
rameter 6 so that G, (s|kf) = [QY(5|¢9)]k, then F, V F, = F, I/}FX’ where V

denotes the stopped sum of Y independent copies of X, and I/} denotes the mix-

ture of Y| K, with mixing distribution F (Gurland, 1957). Therefore the class
of discrete Poisson stopped sums coincides with the class of discrete mixtures of
Poisson random variables. In what mixtures of geometric random variables and
geometric stopped sums, the former is stricly included in the later.

3. EXTENSIONS

We now investigate the nondegenerate discrete random variables N
whose probability mass function {p, } _, satisfies

)
)

where U, ~ Uniform(y, 1), v € (=1, 1), with p,>0. If v=0, all possible
solutions are geometric random variables, and when v — 1 we get Panjer’s class
of counting distributions.

By

neN

S
3

1—
:a—f—ﬂjpynﬂ fOI’ ’I’Z:O,l,..., Oé,ﬂeR,

Pusr _ E(

3

2

For a nondegenerate solution of (3.1) with infinite support to exist, we must

E(U,) 1—vy
=~ T

~

have

a+pf >0

for every integer n. According to the signs of § and ~, the infimum of this factor
is either ao+ 8 (for n =0), o + % (for n =1), or a4+ (1 — ) (when n — oc0),

so we must have a + 8 >0, o + % > 0, and o+ B(1 — ) > 0. Then, applying
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the ratio test to the sum

oo k—1

SRS ((ERE

k>0 k=0 n=0

we see that it converges iff 0 < a+ $(1—+) < 1. Thus a necessary and sufficient
condition for a solution of (3.1) with infinite support (random variable with finite
support cannot be infinitely divisible) to exist is that

min{a+ﬁ,a+%}>0 and 0<a+pg(l-v)<1.
Y

Rewriting (3.1) as
n+1 n+1
(32) (1="") 1, (1) = [a+B0-] o, () —ar"fy ()
a, B,y a, B,y o, B,y
for v € (=1, 1), n =0, 1, ..., multiplying both sides by s" and summing we get

(33) 1= (a+B0-7)s|Guu, () = 1= avs)G, ,,(9) .

oo
where G, (s)= > fy , (n)s" denotes the probability generating function
T n=0 a, B,y

of the probability m;ss function { fx . (n)}oo and from that
a, B,y

n=0’

1-—- a’ykﬂs

(3.4) Ga.4(8) = Ga s, (7 5) kHO 1= [a+B(1-7)]7"s

Observing that

k+1

1-—ay s

(3 5) gcx,ﬁ,'y(s) _ ga’ﬁ’,y(’)’ JFlS) ﬁ 17[0‘+ﬁ(1*“{)]’yks
ga’ﬁ"y(l) ga,ﬂw(’ynﬂ) k=0 1—ayt*!

1= [ata0-v]

k

and letting n — oo,

[o'e) k

Ty l-ers 1-[a+ B1-9)]n
Ge.02(%) = kl_IO L—ay"™ 1= [a+B(1-7)]7"s

(3.6)

If ye[0,1), a<0 and € (—ﬁ, i—‘;‘), we recognize in

[e.o]

oy loays 1-[a+B1-9)]Y
G g (8) = kHO 1—ay™ 1-[a+p(1-9)]7"s

)

the probability generating function of an infinite sum of independent random vari-
ables, the k-th summand being the result of randomly adding 1, with probability

k41
% , to an independent Geometric(1 — [a 4+ B(1—+)]7") random variable.
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The limiting case v = 1 may be approached as follows: rewriting (3.3) as

ga, B,y (5) - ga, B,~ (’75)
@8]0, 5, (5) = G, 0, (v9)] + (1= 5[BG, L (5) + G, ,,(79)]

dividing the numerator and the denominator by (1—v)s and letting v— 1, we get

., (s) 7. ,.(5) a+p
F} 3 — 1 E} E} —
asG ()4 BG. s () FaG ,.05) G.,.5) l1—as’

the expression we obtain working out the probability generating function in Pan-
jer’s iterative expression p, ,(n+1) = (a + nﬁl) P s(n), ,BER, n=0,1,...

=1

)

We now focus on the case a = 0, for which 3 € (0, ﬁ), and

o0

37) 6. -] 11—6(1—7)7 “ 11 1-w

k p—
k=0 _ﬁ(l_’Y)’y S k=0 1 wkS

where wkzﬁ(l—fy)fyk. If v€[0,1), we get that have N,

(o]
0.5, =2 W, with

k=0
W, ~ Geometric(l — B(1—7) 'yk) independent summands. If v =0, the above
expression simplifies to G, ﬁyo(s) = 11:55 . Therefore we conclude that N, , , =

N, ,—~ Geometric(1 — ), € (0,1).

3,0
Let us point out that the probability mass function of a random variable
Ny 5.5 7 € (=1,1), trivially satisfies
+
-
ﬁ nt1 Z Pe Tk >
with rp=f and r, =7, =--- =1, =0, provided that
> 1
0<f = = H(s) < ——

a point which will be of relevance in the following section.

4. DISCRETE INFINITELY DIVISIBLE DISTRIBUTIONS AND
C, CLASSES

In what follows we investigate the classes C_, v € (—1,1), of nondegenerate
counting random variables (distributions, p.g.f.) whose probability mass function
satisfies p, > 0 and the general recursive relation

1_ n+1

(4.1) Tpm Zpk ., n=01,..,
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with r, > 0, which extends Panjer’s recursive expression for the probability mass
function of the classes of Poisson stopped sums (C,) and of geometric stopped
sums (C,). It is well known that any geometric infinitely divisible lattice distri-
bution is infinitely divisible in the classical sense, a result that follows from the

00 k
fact that ; _p = exp{In(1—p) [P(s) — 1]}, where P(s) = —m 3 (pz) is the
k=0

p.g.f. of a logarlthmlc random variable.

As before, multiplying both members of (4.1) by s"™ and summing for
n > 0, we obtain

(42) %ﬁm — 5G(s)H,(5) |

oo

where G(s) = Z p,s and H_(s) =) r,s converges at least for |s| < 1. Thus
n=0

H., is by deﬁmtlon abs.mon. Since we have excluded degenerate solutions to

(4.1), we must have H_(0) =7, = g—(l) > 0.

If v € [0, 1), we have

00 oo 1_,)/ n
1> Zﬁm = ZW D BT
k=0

n=0
)T,
= Zpk > S
k=0 n 0 v
o
>Zpk2 N, = (=9 ",
k=0 n=0 n=0
and therefore [H_ (s)] < H_ (1) = Z r, < 1 for [s| <1
i1
If ye (-1, 0), then <1fori=0,1,..., and by a similar reasoning

we conclude that in this caseilHﬂ/(s)\ <1 for |s| < 1.

As was seen in the previous section, the p.m.f. of N, , _ verifies recursion
(4.1) withr,=Fand r,=r,=..=0, with 0 < 8 < ﬁ

We have the following result:
Theorem 4.1. Let W be a random variable with p.g.f. G, and v € (—1,1).

. Ty 1-0-v)y HA
wec, iff Gs)= kH 1= (=) s H('s)

where 'H_ is a unique abs.mon. function such that H_(0) >0 and H_ (1)<
max{1, = 7}
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o0
Thus, if v€[0,1) the elements of C, are infinite sums W=} X, of

k=0
Nk
independent geometric stopped sums X, = > Y,., whose subordinators are
i=1
N, ~ Geometric(1 — (1—7) " H, (+")) random variables, and whose i.i.d. sum-
k
mands Y, ng have the p.g.f. P, (s) = 87%77(15)
! H, ()
Proof: We have established that
G(s) —G(ys) G(s) 1
— - =35G(s) H (s) <— = .
T (). (5) Gys) ~ 1= (1=7)s 1,(5)

Iterating the above expression, similarly to what we have done to obtain (3.6),
we finally get

G(s) = ﬁ L—(1-9)7H,0)

(43) o L= (1=7)"sH,(v")

If v € [0,1), we further have

1—w,
g(s) - kl:[ sHﬂ/(yks) H 1—w, 7) )
Zo 1 -, R0
Hy(v")
k
where w, = (1—7) 'ka7 (v"), and the P.(s) = s;:”’(gk ;) are (unique) probability
Y
generating functions such that P, (0) = 0. O

Theorem 4.2. Let W be a counting random variable with p.g.f. G, and

ye(=1,1). WeC, iff H (s)= % is abs. mon.

We can use this result to show that the geometric distribution verifies (4.1)
for nonnegative . In fact, if X, ~ Geometric(1 —0), with 0 < 6 < 1, we have
T, = ~6""'>0 and H(1)= 1_979 < ﬁ Given the uniqueness of the coefficients
of H_, we may also conclude that the geometric distribution does not belong to

C, when v € (-1,0).

The truncated geometric distribution with support on the even integers,
Y,, given by the p.m.f.

(1—6%)0" if n =2k even
P, = , 0<b<1,

0 if n=2k+1 odd

is an element of C  for all v € (—1,1], since it verifies (4.1) with r,, =0, r,,  , =

2k ,2k+2 1 02
(14+7) 70" ,ande(l):%<ﬁ.
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2
It’s interesting to note that the p.g.f. of Y, is QYG(S) =120 =g, (s

1—_6252 02
It is not difficult to show that if X € C, has the p.g.f. G, then g(s2) is the p.g.f.
of an element of C_, for every v € (—1,1].

Corolary 4.2.1. Let W be a counting random variable with p.g.f. G, and

ye(=1L1). fWec, gg((jz) is absolutely monotone.

Proof: From the proof of Theorem 4.1, gg((;s)) = 1—(1—557-[7(5)' Ify€l0,1),

we have sH_(s) < H (1) < ﬁ for 0 < s<1; on the other hand, if v € (—1,0)
we have (1—7v)sH (s) < (1-vy)H, (1) < 1for 0<s < ﬁ Thus, it follows

from property 3(b) of abs.mon. functions that gg((js)) is abs. mon. (in [0, 1] for

nonnegative ~y, and in [0, ﬁ] for negative ). O

Corolary 4.2.2. For v € (-1,1), C,CC,.

Proof: Taking derivatives on both sides of 1 — gg((f)) =(1—7)sH,(s),

we obtain

G'(s)G(ys) =vG'(vs) G(s)

= (1) LM )]

G*(s)
equivalent to
(s "(vs s) d
(44 e ~ Vg bl

Therefore, in view of Corollary 4.2.1 and of property 1 of abs. mon. functions
gg((;)) — gg((ﬂjj)) is abs. mon. which in turn (property 2 of abs.mon. functions)

implies that gg’((ss)) is abs. mon.

The result follows from Corollary 2.1.1. U

The inclusion is strict: the Poisson(u) distribution belongs to C, for all
p > 0, but does not belong to C, when v € (—1,1), since from Theorem 4.2 we

k+1
have r, = (—1)k(1—7)km, so that H_ is not abs. mon.

Corolary 4.2.3. For |y,[ <7, <1, C,CC, .

Proof: Let G be the p.g.f. of a random variable W € Cwlc C,.

G 8) Gy 8)
) =M, (ns) _ 1—9, Gl ~ o) _ 1-7 G(59)
H, (s) = H, (1,8) 1=, g&;ﬁ;’ — gg(;;) 1=, G(7.8)
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From Corollary 2.1.1.(3), 9029) is abs, mon, and from property 2 of abs. mon.

g(71$
functions H, (s)—7, . (7, s) is abs. mon. Then H_(s)—v,H (7, s), and therefore
Hh, are also abs. mon., which proves that W € CVQ. O

We can see that the inclusion is strict directly from (4.1). Suppose that

—l<y<np<land 0<fB< Tln We know that N, , €C,, since its p.m.f.
n+1 n+1
satisfies %pnﬂ = Bp,. Assume that N, , € C_, that is, %pnﬂ =

n
> pr, - Then p = p,r, =B p, implies r, = 3, and
k=0

p
(4.5) (L+7) ps =mp1(1+77+7—77) = P17 + DT
implies r, = — % ﬁQ. But this is negative, therefore N , ¢C..

Corolary 4.2.4. Let W be a counting random variable with p.g.f. G,
W, the random variable with p.g.f. G (s) = %, and v € (—1,1). WeC, iff
W, eC,.

Proof: As WeC(C, = W e(,, from Corollary 2.1.1 we know that

G.(s) = % is a p.g.f.

From the proof of Theorem 2.2 (or simply by taking v = 0 in Theorem 4.1),
in what concerns this p.g.f. G, we obtain, with self-explaining notations,

@), G.(s)=G,(0)  G(s)—G(ys) _ ©
(46) HO (3) - S gﬂ/ (3) - S g(S) - (1 - 7) H«, (3)
and therefore H(()gw) is abs. mon. iff Hig) is abs. mon. O

5. FURTHER COMMENTS

1. Geometric infinite divisibility arose from Kovalenko’s (1965) exten-
sions of Rényi’s (1956) work on random rarefaction, with the general charac-
terization of geometric stable laws given in Kozubowski (1994). This led to
a general definition of A/-summation schemes, the classical summation scheme
being the special case N, = 1" (degenerate random variables, and therefore a
non-random sum of random variables). It is well known that for some fami-
lies NN ={N,, p€ (0,1), E(N,) = %} there exists N-Gaussian laws (for instance
for N, ~ Geometric(p), the corresponding N-Gaussian random variables being
the Laplace random variables), while other N, for instance N, —~ Poisson(%),
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do not admit N-Gaussian laws. Although it is easy to prove that in more general
branching setings A-Gaussian laws do exist, only the usual Gaussian law and
the Laplace geometric-Gaussian law are explicitly exhibited in the references we
know.

This research arose from the observation that C,C C, and that, more
generaly, 0 <7, <7, <1 = (,CcC CC CC(,.

Our aim was either to prove that there exist v € (0,1) such that for v, <~
we could exhibit a /-Gaussian law in C — which we couldn’t — or else to extend
C, classes for v < 0 — which we did — " and show that for those it was possible
to construct N-Gaussian random variables. Unfortunately for —1 < v, < 7, < 0
the chain of inclusions C, C C, C C, is no longer valid.

2. The extension of Katz—Panjer’s iterative relation

fln+1) B _
(51) Tn) +?—Oé+ﬂ]E( ), n—O,l,..., a,ﬂGR,
by
fln+1) _ E(U,) B
(5.2) Tn)—a—i—ﬁEU:), n=0,1,..., a,0€R,

where U, ~ Uniform(y,1), v € (—1,1] may seem arbitrary at this stage, unless
it is considered as a first step in extending (5.1) by using more general Beta,
of which the Uniform in (5.2) isn’t but a special case, or even more general
random variables. Naturaly {f(n)}, ., is not a p.m.f. unless the restrictions in
the parameters are very strong.

3. Panjer’s class IT = 11" has been generalized by Sundt and Jewell (1981),

who considered the class I of discrete random variables whose probability mass
function satisfies

(5.3) fosn+1)= (a+%> fas(n), a,feR, n=1,2,..

Willmot (1987) published the definitive characterization of 1" the probability
mass function of a discrete random variable N, with support & = {1,2,...},
satisfies the above expression if N is either a zero-truncated Binomial, Pois-
son or Negative Binomial random variable, or a Logarithmic (when « € (0,1)

6]

and the index §5 — 0) or an Engen (1974) Extended Negative Binomial ran-

dom variable (index m € (—1,0), where a € (0,1]), and general solutions N,

with support § = {0, 1,2, ...}, arise from a hurdle process (Cameron and Trivedi,

1998, pp.123-125) N = 0 1 ivp , where N is one of the above variables.
0 0

Klugman et al. (1998) describe the solutions as zero modified N variables.



Extensions of Katz—Panjer Families of Discrete Distributions 161

Hess, Lewald and Schmidt (2002) considered the even more general setting
H(k), k =0,1,..., in which the probability mass functions satisfy

(54)  f,;(n+1)= <a+ ni—i—l) fas(n), a,feR, n=kk+1,..,

giving a complete description of H(k), k=0,1,... in terms of {0,1...,k — 1} mod-
ified basic claim number distributions, i.e., the left k-truncated binomial, Pois-
son, and negative binomial distributions, the other basic claim number distribu-
tions are the left truncated Logarithmic(k, ) distribution, and the left truncated
Engen(k, 3,0) distribution. The extension

fo,(n+1) 11—~
5.5 S =atf——— . aBER n=kk+1..,
( ) fa,ﬁ(n) 1_'Y+1

of (3.1) may investigated along similar lines, but with very cumbersome results.
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