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for scale mixture of multivariate normal distributions.
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1. INTRODUCTION

We consider the problem of estimating, under squared error loss, the lo-
cation parameter 6 of a p-variate spherically symmetric distribution under the
constraint ||f|| < m, with m > 0 known. With several authors having obtained
interesting results relative to this problem, and more generally for restricted pa-
rameter space problems (see Marchand and Strawderman, 2004; van Eeden, 2006
for useful reviews), we focus on the determination of benchmark estimators such
as the maximum likelihood estimator (MLE), the minimum risk equivariant es-
timator (MRE), and the linear minimax estimator (LMX). In this regard, Marc-
hand and Perron (2001) provide for the multivariate normal case improvements
on the (always) inadmissible MLE for all (m,p). These include Bayesian im-
provements, but conditions are then required on (m, p). Complementary findings
for the multivariate normal and parallel findings for other spherically symmet-
ric distributions, including in particular multivariate student distributions, were
obtained respectively by Fourdrinier and Marchand (2010) and Marchand and
Perron (2005); but again conditions for the studied priors 7 (typically boundary
uniform, uniform on spheres, and fully uniform) of the form m < ¢, (p) for the
Bayes estimator 6, to dominate the MLE are necessitated. Hence, the prob-
lem of finding a Bayesian or an admissible improvement for any (m,p), for any
given spherically symmetric distribution remains unsolved (even for p = 1 or the
multivariate normal distribution).

Alternatively, for the objective of passing the minimum test of improving
upon the minimum risk equivariant estimator, positive findings for the univariate
case (p=1) were obtained by Marchand and Strawderman (2005), as well as
by Kubokawa (2005). The former establish a general dominance result for the
fully uniform prior Bayes estimator, which actually applies more generally for a
wider not necessarily symmetric class of location model densities and location
invariant losses. The latter provides on the other hand a large class of priors
which lead to Bayesian improvements for the univariate version of our problem
of symmetric densities and squared error loss. A key feature of these dominance
results is the use of Kubokawa’s (1994) Integral Expression of Risk Difference
(IERD) technique.

For multivariate settings, a lovely result by Hartigan (2004) tells us that
for multivariate normal distributions, the fully uniform Bayes procedure improves
upon the minimum risk equivariant estimator. The result is actually more gen-
eral and applies for convex restricted parameter spaces with non-empty interiors.
However, Hartigan’s result does require normality and hence a spherically sym-
metric analog remains an open question. Moreover, Hartigan’s result does not
apply to the benchmark linear minimax estimator, which represents itself a simple
improvement on the minimum risk equivariant estimator.
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With the above background, our motivation here resides in extending the
univariate dominance results to the multivariate case, extending Hartigan’s result
for balls to spherically symmetric distributions, and considering improvements
upon the linear minimax procedure as well. We provide preliminary results in
this direction in terms of sufficient conditions for dominating either the mini-
mum risk equivariant estimator, the linear minimax estimator, or both. Our
treatment possesses the interesting feature of being unified with respect to the
dimension p and the given spherically symmetric distribution. Moreover, we ar-
rive at our dominance results through a novel multivariate variant of Kubokawa’s
IERD technique. The main dominance results are presented in Section 2, and
various examples or illustrations are pursued in Section 3. These include uni-
variate distributions, the multivariate normal distribution, and scale mixture of
multivariate normal distributions.

2. MAIN RESULTS

Let X be a p-variate random vector with spherically symmetric density

(2.1) f(llz = 01) .

where the location parameter 6 is constrained to a ball centered at the origin and
of radius m, say ©,,. We seek improvements on the minimum risk equivariant
(MRE) estimator dp(X) = X, and the linear minimax estimator dpvx(X) =
#;UQX under squared error loss L(0,d) = ||d — 0||2, where Eo(||X— 6||?) =
po? < co. Hereafter, we denote the norms of X, x, and 6 by R,r, and \ respec-

tively. Our results bring into play the orthogonally invariant in 6 and nonnegative
. _ Bo(07X] IIX]I>) % _ AB(IXIHIXNI>1¢)

quantltles H(t, )\) = W and H (t, )\) = W, t Z 0, A Z 0.

We will make use of the inequality H(t,\) < H*(¢,\) for all ¢ > 0, A > 0, which

follows as a simple application of the Cauchy—Schwartz inequality. Now, we

present the main dominance results of this paper.

Theorem 2.1. For amodel asin (2.1), §4(X) = g(|| X||) X dominates g(0) X,
whenever:
(i) g is absolutely continuous, nonconstant, and nonincreasing;
(i) and g(r) > supycpom H(r, A) for all r > 0.

Moreover, if conditions (i) and (ii) are satisfied, and

(iii) ¢(0) [mQ*p"Q 1),

m24po?

then 64(X) = g(|| X||)X also dominates dp(X) = X.
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Remark 2.1. By virtue of the inequality H (¢, \) < H*(¢t,\) for all ¢t > 0,
A > 0, condition (ii) of Theorem 2.1 can be replaced by the weaker, but never-
theless useful, condition

(ii") and g(r) > supycfo,m) H*(r, A) for all 7> 0.

Proof of the Theorem: It is straightforward to verify that g(0) X domi-
nates X under condition (iii), so that conditions for which 64(X) dominates
9(0) X, such as (i) and (ii), are necessarily conditions for which d,(X) = g(||X|)) X
also dominates dp(X) = X. Now, using Kubokawa’s IERD technique, the risk dif-
ference between the estimators é4(X) and g(0)X can be written as

SA0) = 5 [RO.0(XX) ~ R(6,9(0)X)]

= 5 [Bllot1X1)x ~ 0] = l90)x — 6]

11 ,
E9</0 2 ax - o] dt>
ll|l
:/ / g0 [g(t)x — 0] wf (1 — 60]%) dt da
RP JO

_ [y 2le— 0Ty z—0|?) dzdt.
= IO S o 0O 1l 0P o

Now, observe that conditions (i) and (ii) imply that A(f) <0 for all 6 € ©,,,
establishing the result. O

N = N

Here are some further remarks and observations in relationship to Theorem 2.1.

The nonincreasing property of condition (i) is not necessarily restrictive.
Indeed, for the multivariate normal case, Marchand and Perron (2001, theorem 5)
establish that the nonincreasing property holds for all Bayesian estimators asso-
ciated with symmetric, logconcave prior densities on [—m,m]. The conditions
of Theorem 2.1 suggest the bounds (ii) and (ii’) themselves supygigm)H (7, A)
and supyep,m H*(r,A) as candidate g functions. These functions are of the form
H(r,\(r)) and H*(r, A(r)), where A(-) is some function taking values on [0, m].
All such functions lead to range preserving estimators dg; i.e., ||d4(x)| < m for
all x € RP; since for all > 0 and [|0]| = A(r):

AP Eg(IX[IIX] 2 7) _ Ar) _m
Ey(|XTX || X||>r) — r T 7
and since |dy(z)|| < m for all x € RP whenever 0 < g(r) <™ for all r > 0.

Finally, as a consequence of the above, observe that the projection of do(X)
onto O, given by d,, with g,(r) == A1, satisfies the conditions of Theorem 2.1.

0 < H(r,A\(r)) < H*(r,\(r)) =

)

We now focus on related implications for the estimators oy (X)=H (|| X||,m)X
and dg+(X) = H*(|| X ||, m) X, which will turn out in several cases to be the small-
est possible g’s satisfying respectively conditions (ii) and (ii’) of Theorem 2.1.
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Corollary 2.1.

(a) If H(r,\) increases in A € [0,m] for all r > 0, and decreases in r €
[0,00] for all X € [0,m], then i (X)= H(||X||,m)X dominates both
the linear minimax estimator dpvx (X) and the MRE estimator 0o(X);

(b) If H*(r,\) increases in A\ € [0,m] for all »>0, then op«(X) =
H*(]|X||, m) X dominates the MRE estimator 6o(X).

Proof: Part (a) follows as a direct application of Theorem 2.1 as H(0,m) =
Ep(0TX) 2 m?—po?
EQ(XTX) - m2+po? [m2+p02 )
First, for any positive random variable Y with density gy, and its biased version
B(Y?|y>t) :
increasing in ¢, which implies that H*(-,m) is a decreasing function on [0, c0).

2

Secondly, for He” =m, H*(O,m) — EG(”X”) _ EQ(HX/mH) E9(||X/mH) < 1’

Eo(I1X12) — Eo(IX/ml?) ~ Eo(|IX/m|?)
since Eg(||X||) > ||Eo(X)| = m.

1), for ||6]| = m. Part (b) follows for two reasons.

W with density proportional to wgy (w), the ratio

3. EXAMPLES

The following subsections are devoted to applications of Corollary 2.1, with
the key difficulty arising in checking the monotonicity conditions relative to H
and H*. We focus on general univariate cases (subsection 3.1), the multivariate
normal distribution (subsection 3.2.), and scale mixtures of multivariate normal
distributions (subsection 3.3).

3.1. Univariate spherically symmetric distributions

We express the symmetric univariate densities in (2.1) as
(3.1) folx) = e 10,
and restrict ourselves to cases where

qge Q= {q: q(+) is increasing and convex on (0, 00),

and ¢/(-) is concave on (0, oo)} .

Examples of such distributions include normal, Laplace, exponential power den-
sities with ¢(y) = ay® + ¢, a > 0, 1 < § < 2; Hyperbolic Secant, Logistic, Gen-
eralized logistic densities with ¢(y) = —y + % log(1 + e*) + ¢, @ > 0; and Cham-
pernowne densities with ¢(y) = log(cosh(y) + ), 8 € [0, 2], (also see Marchand
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and Perron, 2009; Marchand et al., 2008). The next theorem establishes for such
densities the applicability of part (a) of Corollary 2.1 and dominance of d(X)
over both the linear minimax estimator, 1 ,mx (X ), and the MRE estimator do(X).

Theorem 3.1. For model densities as in (3.1) with ¢ € Q*, the estimator
0 (X) = H(||X||,m)X dominates both the linear minimax estimator dyyx(X)
and the MRE estimator 6o(X).

Proof: By virtue of Corollary 2.1, it suffices to show that H(r, \) decreases
in r € [0,00) for all A\ € [0,m], and increases in A € [0,m] for all » > 0. First,
H(r,\) can be written as

/roozn (fow=A) = fo(z+A)) dz
/rooa:Q (fo(x=X) + fo(z+N)) dz

tanh((q(Y—|— A) —g(Y=\) /2)
\Y ’

H(r,\) = A

= NE,

where Y is a random variable with density proportional to y2(fo(y—\)+ fo(y+\))-
1fr00)(y)- Such a family of densities with parameter 7 has increasing monotone
likelihood ratio in Y. Furthermore, since q € QQ*, a result of Marchand et al.
(2008) (Lemma 1, part e) tells us that the inner function of the above expecta-
tion in Y is nonincreasing. Hence, we conclude that, for all A € [0,m], H(\,")
decreases on [0,00). Turning to the monotonicity of H(-,r), begin by writing

/:Ox (folx=A) = fo(z+ X)) dx
[ a2 (folw =) + folw+ ) da
[T VAW dy ~ [T N foly) dy
[ N o) dy + [T (=X o(y) dy

A(r, \)
B(r, M)’

where A(r,\) and B(r, A) are the numerator and denominator of the above frac-

H(r,\) = A

= A

tion, respectively. Manipulations yield:

OH(r, \)
o\

_ [l(r, \) + Ay () A)}
[Bur )+ Aol = 3) + Afolr 4 2) — rolr = X) + rfolr+3))]
[ PAolr=X) + folr+-2) + Ar(r. V)] [Ba(r.A) + M. )|

A)
= rAG(r, \) fo(r = X) + 2 A1 (r, \) By (1, X) + 7 X2 fo(r+X) I(r, \)
+ P2 X fo(r+ N 1(r, A) + r X fo(r+X) Bi(r, \) + 7 X2 fo(r+ N 1(r, A)

B%(r,\) = A(r,\)B(r,\) + NA'(r, \) B(r,\) — NA(r,\) B'(r, \)
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where

T+ T+

A A o) [e%s)
B 2 2
yfoly)dy — r / yfoly)dy + / o)y + / V2 ho(y) dy .

r—A r— +A

G(r,)\):2)\/

r—A

r+A
I(r,\) = / yfoly) dy

—-A

Ay(r, ) = A< / ifo(y) dy + T:fo(y) dy) ,

Bi(r,\) = / iyzfo(y) dy + / T foly) dy

+A

Now, observe that for all » > 0, A € [0, m], the quantities Bi(r,\), A1(r, A), and
(r,\) are nonnegative. Hence, to show the positivity of 8H87;’/\), it will suffice to

show the positivity of G(r, \). But, we have
T+

GrN = [ i) @A=r+9) dy

r+A A—r
> / Ny fol) dy 1 ooy(r) + / y foly) 2N — 7+ y)dy 1o (r)
0 r—>\

A—r
Z/O 29° fo(y) dy 1 (r) > 0,

which completes the proof. O

3.2. Multivariate normal distributions

We consider here multivariate normal models in (2.1) X ~ N, (6, 0?) with
16]] <m. We take o =1 without loss of generality (since & ~ N, (¢'= g,Ip)
with [|§]| < m' = ). We require the following key properties relative to p(\,r) =

TXT
tions I, of order v, and more specifically ratios of the form p,(t) = L,41(t)/L,(t),
t>0.

EQ(HTX | |1 X = r), where A = ||@]|. These properties involve modified Bessel func-

Lemma 3.1 (Watson, 1983; Marchand and Perron, 2001).
(i) We have p(A,7) = Appja—1(AT);

(ii) pp/2-1(+) is increasing and concave on [0, 00), with p,/5_1(0) = 0 and

Jim py0 1 (8) = 1;
(iii) ppj2—1(t)/t is decreasing in t with tl_i)r(])nJr Ppja—1(t)/t =1/p;

(V) ppjat) = p, 4 (1) = D/t
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Denoting f,(-, A) and F,(+, \) as the probability density and survival func-

tions of R = || X|| ~ {/x2(\?), we will also require the following useful properties.

Lemma 3.2.
(i) We have f,(r,\) =r(% )p/ ,/2-1(r ) exp{—%};
) 2 fp(r N) = N fpra(r, A) 4 p fpya(r, N);
(1) 7fp(r, A) ppja—1(AT) = A fpia(r, A);
)

p+2(T )

the ratio PN

decreases in \ € [0,00), for allp > 1 and r > 0.

Proof: Parts (ii) and (iii) follow directly from (i), while (i) consists of a well
known Bessel function representation of the noncentral chi-square distribution.
Part (iv) follows from the identity 2 -2 3 Fp(r,A) = Fppa(r,A) — Fp(r, \), and the
logconcavity of Fy(r,-) on [0,00) (see Das Gupta and Sarkar, 1984; Finner and
Roters, 1997). O

We now seek to apply part (a) of Corollary 2.1.

Theorem 3.2. For multivariate normal densities, the estimator dg(X) =
H(||X||,m)X dominates both the linear minimax estimator dpyvx(X) and the
MRE estimator §p(X).

Proof: By virtue of Corollary 2.1, it suffices to show that H(r, \) decreases
in 7 € [0,00) for all A € [0, m], and increases in A € [0,m] for all » > 0. Making
use of Lemmas 3.1 and 3.2, we obtain

By (11X Eo (5 | 1X11 2 7))
PAGSEIEED)

-y Bo(FE 11X =) folw. ) dy
[T (. dy

S Aoz 1 () folw, V) dy
B [P Iy, V) dy
o2 pia(y,N) dy
R holw. ) dy
/ Tpea(y, A) dy
/ for2(y, A) dy

_ —1
+ }_71P+4 (’I”, )‘)
Fppa(r,N) |

H(r,\) =

y‘»@

|

x|



134 Eric Marchand and Amir T. Payandeh Najafabadi

The monotonicity property of H(r,-) on [0, m] for all » > 0 now follows from the
above expression and part (iv) of Lemma 3.2.

Now, to show that H(r, A) decreases in r, make use of (3.2) to write

By (1 1X1=Y)

H(r\) = \E, 1] y
. pp/2—1()‘Y)
- AET<Y ,

where Y has density proportional to y fp(y,A)1j,00)(y). Since this family of
densities with parameter r has increasing monotone likelihood ratio in Y, we
conclude indeed that H(r, \) decreases for r >0 for all A € [0, m] by making use
of part (iii) of Lemma 3.1. O

3.3. Scale mixtures of multivariate normal distributions

We consider here in this subsection scale mixtures of multivariate normal
distributions where X admits the representation: X|Z =z ~ N, (0, zI,), Z hav-
ing Lebesgue density g on R*. The corresponding density in (2.1) is of the form

(3.3) /Ooo(zm)—p/2 exp{—”xz_f”Q} o(2) dz

and we further assume that g is logconcave on either RT or some open interval
(a,b) of RT. Uniform densities on (a, b) are included. With such a representation,
since X/VZ|Z = z ~ N,(0/\/z,1,), we infer from part (i) of Lemma 3.2 that the
density function of R = || X|| is given by

00 p/2-1 2 2
y(y Ay YA
(3.4) /0 z <)\> L,/2-1 (z > exp{ 55 } g(z)dz.

We now seek to apply part (a) of Corollary 2.1.

Theorem 3.3. For scale mixtures of multivariate normal densities as in
(3.3) with g logconcave, the estimator dg+(X) = H*(|X||,m)X dominates the
MRE estimator 0p(X).

Proof: By virtue of Corollary 2.1, it suffices to show that H*(r,-) is non-
decreasing on [0, m] for all » > 0 under the given logconcave assumption on g.
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Starting from the definition of H* and making use of 3.4, we obtain

NEgp(R|R>7)
EQ(R2|RZ7‘)

H*(r,\) =

with the change of variables (y,z) = (Az, A?t). Simple differentiation leads to
%H*(r, A) = é{Al — Ag + A3 — Ay}, where B is the above denominator of H*,

o0 e} [e'e} o0 22

Ay = 2>\/ /acM(x,t) dtda:/ / 25T g (A2t) ]15_1@) e~ dtdw
r/x JO r/A JO
o0 oo} e} [ele] 22

Ay = 2>\/ / M(x,t) dtda:/ / 252 ¢ (A1) 1151(”;> e 5t dtdw
r/x JO r/A JO
0o oo 0o 2 241 2.2

Ay = = x M(z,t) dt dz IO (TN, (I e

A2 S Jo 0 t o\ 2\t

00 oo 0 o(\2¢ £42 a24,2
- 7;/ / M (z,1) dtdaj/ ( )<r> ]Ip_1<r>e T dt
N S Jo ot ) e

i g(\2t) Piq o\ 1a2 ‘
with M (z,t) = i ]Ig,l(?) e~ 2t . Obviously, A3 — A4 >0, because
x > 1 on the domain of integration. Furthermore, by setting h(z) = (_ J(2)/9( z))
12:9(2)>0) (2), we have

N
~
|

Ay — Ay = 2)\/ /M(:c,t)dtdx/ / h(N%t) zt M(z,t) dt d
r/x JO r/XA JO

—2>\/ /mM(x,t)dtdm/ /h()\2t)tM(:n,t)dtdx.
r/X JO r/A JO

Now, since h is increasing with the logconcavity of g, the FKG’s inequality (see
Lemma A.l in the Appendix) implies that A; — A is nonnegative whenever
M(l’l,tg)M(.Tg,tl) - M(xl,tl)M($2,t2) S 0, for 0 S T S o and 0 S tl S t2.
From the definition of M, manipulations yield for non-zero values of M (x1,t2)-
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~M(x2, tl) — M(xl, tl)M({BQ, tQ):
ty o e(L/t1+1/t2)

{M(@1,12) M(@2,t1) = M1, 1) M(wa,12) | =
(21 (7) -1 (5) 1o (32) ot - oD 1/a -1/}
- ( ) !H:jl(f;) - HZ’lE;; exp{—(x%—xg)(l/h—1/t2)}]
7\, 1(962) (t2>p/ 2_1[1_exp{@g—m%+x1><1/t1—1/t2>}}

(VAN
=
(M)
iR
7N
el
~
o)
|

<0,

where the former inequality follows from the Ross inequality applications

Ip/2—1(z2/t1) 2-1 Ip/2—1(z1/t1)
Loy S (R2/0)P271 and prmcis >

(tg/tl)p/%l exp{xl/tl — ml/tg}, and where the latter inequality follows from the
fact that (23 — 22 + 1) (1/t1 — 1/t2) >0, for 0 < 21 < @9 and 0 < t; < to. O

(see Lemma A.2 in Appendix):

APPENDIX

The FKG inequality due to Fortuin, Kasteleyn, and Ginibre (1971) is useful
for Theorem 3.3.

Lemma A.1 (FKG inequality). Suppose a p-variate random variable X
is distributed with probability density function £ and with positive measure v.
For two points y = (y1,...,yp) and z = (z1, ..., 2zp), in the sample space of X, we
definey Nz = (Y1 A2, ..., Yp N 2p) and yV z = (y1V 21, ..., Yp V 2p), where a Ab =
min(a,b), aVb = max(a,b). Suppose that & satisfies £(y) £(z) < &(yVz)E(yAz)
and that a(y), f(y) are nondecreasing in each argument and «,  and a3 are
integrable with respect to {. Then [af&dv > [aldv [BEdv.

The following lemma, referred to as the Ross inequality is due to Joshi
and Bissu (1991) and establishes useful bounds for a ratio of modified Bessel

functions.
Lemma A.2. Suppose I,(z) and I,(y) are two modified Bessel functions.
Moreover, suppose that y > x and v > —%. Then

IN

() <t <(5)
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