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Abstract:

e In this paper we propose a new estimator of the proportional hazard premium for
heavy-tailed claim amounts, with a help of the peak-over-threshold (POT) method.
We establish the asymptotic normality of the new estimator, and its performance is
illustrated in a simulation study. Moreover, we compare, in terms of bias and mean
squared error, our estimator with the estimator of Necir and Meraghni (2009).

Key-Words:

e distortion risk measures; proportional hazard premium; extreme values; GPD func-
tion; heavy tails; POT method.

AMS Subject Classification:

e 62G32, 31B30.



336 A. Rassoul



Proportional Hazard Premium 337

1. INTRODUCTION AND MOTIVATION

A general class for constructing loaded pricing functional, introduced in
the actuarial literature by Wang (1996), is namely the Distortion Risk Measures
(DRM). For a given nondecreasing function g: [0,1] — [0, 1] such that g(0) =0
and g(1) = 1, for any nonnegative random variable X, where X is an insured risk
with distribution function (df) F', and the tail of F' will be denoted by F' = 1— F.
The distorted expectation is defined as follows:

(1.1) II, = /Ooog(F(x)) dx .

The function ¢ is called a distortion function, if g is concave the DRM further
satisfies the subadditivity and becomes coherent in the sense of Artzner et al.
(1999); see, e.g., Wirch and Hardy (2000) and Dhaene et al. (2006). Some ex-
amples of continuous concave distortion functions corresponding to familiar risk
measures are presented below, by choosing a suitable function g, one can easily
express some popular risk measures:

The Tail-VaR: g(z) =z/(1—q) A1, ¢ €(0,1),
Proportional Hazard Transform: g(z) = z'/?, p > 1,
Dual-Power Transform: g(xz)=1— (1 —2x)?, p > 1,
Wang Transform: g(z) = ®(®~(z) — &~ *(p)),
where ®(-) is the df of the standard normal.

In this paper, we are interested by estimate the proportional hazard trans-
form, that is

(1.2) II, = / (F(2)) " d ,
0
where p > 1 represents the distortion coefficient or the risk aversion index.

In practice the estimation of these risk measures from a sample of rv’s
iid. Xy, Xo,..., X, are based on the empirical distribution function F,. The
asymptotic behavior of this estimator has been studied by Jones and Zitikis (2003)
provided that, the second moment is finite.

Now, assume that F' is heavy tailed. This class includes popular distribu-
tions (such as Pareto, Burr, Student, Lévy-stable and log-gamma) known to be
very appropriate models for fitting large insurance claims, large fluctuations of
prices, log-returns and other data (see for instance, Beirlant et al., 2001). In the
remainder of the paper, we restrict ourselves to this class, more specifically, we
deal within the class of regularly varying cdf’s. For more details on this type of
distributions, we refer to Bingham et al. (1987) and Rolski et al. (1999).
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The tail of F is said to be with regulary varying at infinity, if
(1.3) F(z) = Cl’_l/g(l +27°L(x)), as T — o0 ,

for £ € (0,1), 6 > 0 and some real constant ¢, with L. a slowly varying function,
ie. L(tx)/L(z) —» 1 as © — oo for any ¢ > 0. For further properties of these
functions, see chapter 0 in Resnick (1987) or Seneta (1976).

For example, when the tail of df is Pareto with ¢ = 3/4, we have E(X?) = oo.
To solve this problem, Necir and Meraghni (2009) used the extreme values ap-
proach and propose an asymptotically normal semiparametric estimator for II,.
This estimator is based on the extreme quantile estimator of Weissman (1978).
However this quantile is biased.

In this paper, we use the result of Balkema and de Haan (1974) and
Pickands (1975), which states that for a certain class of distributions the Gen-
eralised Pareto Distribution (GPD) is the limiting for the distribution of the
excesses F,, as the threshold u tends to the right endpoint yr. Formally, we can
find a positive measurable function ((u), such as
(1.4) lim  sup |Fu(y) — Gep(y)| = O(u_(S]L(u)) ,

U—YF O<y<yp—u

where u°L(u) — 0 as u — oo, for any § > 0.

We investigate this result for purpose a alternative estimator for the pro-
portional hazard transform II,, as follows:

(1.5) I, :/ <n1 Z1(Xj > x)) dr + (pn)Y/P 22—
0 j=1 - Enp

Under suitable assumptions, this estimator are asymptotically normal distributed
and unbiased with an easily estimated variance.

The paper is organized as follows. In the second section of the paper, the
new estimator of II, is introduced and its properties examined. This is followed
by a simulation study of its behavior in comparison with the Necir and Meraghni
estimator. Finally, the proofs of our result are postponed until the last section.

2.  DEFINING THE ESTIMATOR AND THE MAIN RESULT

Let Xi,..., X, be an independent and identically distributed random vari-
ables, each with the same cdf F', and let u,, be some a large number, ‘high level’,
which we later let tends to infinity when n — co. With the notation

Fu(y) = P<X1—un >y | X1>un> ,
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we have

=

() = Flun+y)/F(un) ,

and thus

Y

oy o (10 8 )L () L(un +y)
Un 1+ upn° Luy)

and if 8 = u, &, then F,, (y) is a GPD perturbed, where the df of the GPD has
the form

_ Y\ f .
1—exp(—y/B), €=0, 0<y<-B/¢ if€<0.

This means that, with the result (1.4) of Balkema and de Haan (1974) and
Pickands (1975), for large values of u,,, we have

(2'2) Fun(y) ~ G&,,@(im)(@/) .
By the definition of the excess distribution, we have
Flun+1t) = Flun) Fu,(t)

and, denote by
N =N,, = card{XZ->un: 1§i§n},

the number of exceedance over u,,, we have N ~» B(py,,n), where p, = P(X1 > uy,).
A natural estimator for p, = F(uy) is p, = N/n. Let

Yin =Xj —up, provided X; >wu,, i=1,..,N,

(where j is the index of the i*? exceedance) are i.i.d. rv’s with cdf F,, based on
the sample (Y., Youp, ..., YN, ), the approximation (2.2) motivates us to take an
estimator for F,, (y) as follows:

(2.3) Foy)=C: 50, y>0.

Therefore, an estimator of F(u, + y) is

(2.4) Flun+y) = Flu) Fu(y) = paCe, 5, (4) .

where §A ~ and BN are consistent estimators of & and [ respectively. Moreover,

these estimators are asymptotically normal provided that £ > —1/2. Smith (1987)
established in theorem (3.2), the asymptotic normality of ({x,8n) as follows:

(2.5) \/ﬁ(ﬁNA/ﬂN R 1) B N3(0,Q7Y) as N — oo,

N —
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where

(2.6 ot=a+ro( 2 )

provided that \/Nu;f; L(uy) — 0 as N — oo and & — 2~ %LL(x) is non-increasing
near infinity. In the case v’ N u&‘s L(un) - 0, the limiting distribution in (2.5) is
biased.

Here 2 denotes convergence in distribution and A3 (0, €?) stands for the normal

r.v. of mean 0 and variance €2.

We assume that the tail of the distribution start at the threshold wu,,, then,
we have

(e o]

(2.7) I, = /un(F(x))l/pda: +/ (F(x)Pde, p>1.
0 [

n

An estimator of II, is given by replacing (2.4) in equation (2.7), as follows:

ns~Mn

o) = [ (Fule) Ve + 507 [ (g5 00) o

where F}, is the empirical distribution function pertaining to the sample X1, Xo, ...,
X,. After Integration, we obtain the new estimator given by formula (1.5).

The asymptotic normality of ﬁp,n is established in the following theorem.

Theorem 2.1. Let F be a distribution function fulfilling (1.3) with £ €
(1/2,1). Suppose that the function L is locally bounded in [xg,+00) for zo > 0
and x — x~%IL(x) is non-increasing near infinity, for some 6 > 0. For any u, =
O(n*¢) with o € (0,1), and p > 1 such that 4a/p — 2a & < 1, we have

ﬁ(ﬁp,n—np)ﬂf\/(o,l), as n— oo,
YnOn
where
1 67 201460282 (1462602 (14¢€) 8,005
0_721::72_{_%]9”(1_]0”)_'_ ( )22 n+( )23_< );L ,

(2.8) T = Var( / (F@) M2 dw>,
0

and
_ Balpn)t/rt _ plon)'? P Balpn)V/P

0, = _
! 1—¢p 7 1-¢p > 77 (1-¢p?
with B, = u,&.
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3. SIMULATION STUDY

In this section, we carry out a simulation study (by means of the statisti-
cal software R, see Thaka and Gentleman, 1996) to illustrate the performance of
our estimation procedure and its comparison with the estimator of Necir and
Meraghni (2009). We generate samples from Fréchet distributions with tail
F(z) =1 —exp(—z~ %), 2 > 0 (with tail index & = 2/3 and ¢ = 3/4) and two
distinct aversion index values p = 1.1 and p = 1.2.

In the first part, we evaluate the accuracy of the confidence intervals via
their lengths and coverage probabilities (cov prob), we generate 200 independent
replicates of sizes 1000 and 2000 from the selected parent distribution. For each
simulated sample, we obtain a value of the estimators premium II,. The overall
estimated premium II, is then taken as the empirical mean of the values in the
200 repetitions. We summarize the results in Table 1.

Table 1: Point estimates and 95%-confidence intervals for II, based on
200 samples of Fréchet distributed rv’s with tail index 2/3 and 3/4
with aversion index 1.1 and 1.2.

¢ 2/3 3/4
P 1.1 1.2 1.1 1.2
I 3.439 4.699 5.351 9.645
| n | 1000 [ 2000 | 1000 | 2000 | 1000 | 2000 | 1000 | 2000
T 3775 | 3571 | 4517 | 4619 | 5450 | 5.441 9.439 9.692
rmse | 0.570 | 0.515 | 0.781 | 0.639 | 0187 | 0.127 0.109 0.107
leb 2.661 | 2.8906 | 2.166 | 3.803 | 3.567 | 3.744 5.921 6.909
uch 4482 | 4655 | 6.867 | 6434 | 7.333 | 7.139 | 12.957 | 12.476
length | 1.821 | 1.759 | 4.701 | 2631 | 3.765 | 3.395 7.036 5.567
cprob | 0785 | 0815 | 0.75 0.821 | 0975 | 0.98 0.85 0.85

In the second part in this study, we generate 200 independent replicates of
sizes 1000 from a Fréchet distribution, we compare the bias and the root mean
squared error (RMSE) of the two estimators of II, (our estimator ﬁp,n with the
estimator of Necir and Meraghni ﬁp,n)- The results are presented in Table 2.
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Table 2: Analog between the new estimator and the estimator of Necir and
Meraghni for the premium hazard proportional for two tail index
and two risk aversions index.

¢ 2/3 3/4
P 1.1 1.2 1.1 1.2
1T, 3.44 4.699 5.350 9.645
T, 3.527 4.807 5.359 9.499
bias 0.087 0.108 0.009 0.142
RMSE 0.335 0.592 0.516 0.933
., 4.221 4.938 5.452 9.915
bias 0.781 0.238 0.136 0.262
RMSE 0.867 0.665 0.674 1.131

4. PROOF OF THE MAIN RESULT

The following proposition is instrumental for the proof of our result

Proposition 4.1. Let F be a distribution function fulfilling (1.3) with
€€ (0,1), 5 > 0 and some real c. Suppose that L is locally bounded in [z, +00)
for xg > 0. Then, for n large enough, for any u, = O(n®¢), o € (0,1), we have

pn = P(X1>un) = c(1+0(1))n™ %,

= var( / (F@) " M x 20 dm) = O(n20E=1/p+D) |
0

and
VDm0 L(uy) = O(n=o/27080+1/2)
Proof of the Theorem 2.1: Let us write
(4.1) Vi (Tyn—T1,) = Ap+ B, |
where
A= Vi [ E@) - (F) e
and 0

= Al/Pﬂ Y s p 4 >
B, ﬁ(pn I_%., /un (F(z)) x| .

We begin by B,,, we may rewrite B,, as follows:

Bn = Bn,l + Bn,? ;



Proportional Hazard Premium

where

n ( "L) . ( ”) ] S
and

_ 1/ p/Bn . * = 1/p
Bua = (o) 527 /un(F@) ds .

First, observe that B, 1, may be rewrite into

+ (pa) P —L— /1 (B — B)

p2ﬁn(pn)1/p m ~
(1=&p)(1-£p) v

From Smith (1987), we have, as n — oo

(4.2)  Bu/Bu—1=0p(u;°L(u,))  and & — € = Op(u;,°L(uy)) .

On the other hand, by the central limit theorem, we have

(4'3) ﬁn_pn:OIP’(\/pn/n) as n — oo .

Then, with the delta method, we obtain

By = 61(1+op(1 ))\/ﬁ(?f )
+ 02(1 + op(1)) v (Bn
)

+ 03(1 + 0p(1)) vV (&n )
where
g _ Blon)' /! o, _ Pon)"? ~ PPBpa)'”
YT 1-gp 0 T 1-¢p C (1=¢p?

Either, for B,, 2, we have

= e PO [TF e 4
B2 = (pn) £p—1 /un (F(s)) s .

We may rewrite

Fu(s) = F(un) Up 1+ un L(uy)

- —1/¢ _
Flun+s) <1+s) 1+ (up+ 8) 5]L(un+s)_

343
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This allows us to rewrite

/0 (Fs +un))Pds =
= (Flun))"? / (T ()7 ds
0
00 —-1/¢ -5 1/p
= (F(Un))l/p/ (1+8> L) Ll s)]
0 Un 1+ un’ L(up,)
1/
= pl/p< 1 > ’
"\ A+ w2 L(up)
s < —1/¢ 1/p
2 -
X/O (1+ un> <1+(un+s) }L(un+s)> ds
— pl/P< v >1/pu1/5p /Ooxl/gp(l + :c*‘s]L(at))l/p dx
"1+ uﬁ‘sL(un) " Un

1 1/p
— pl/p< > ul/ép
n _5 n

£p 11/5p> /Ool/s -3 1/ ]
X || —— u, + [ o /PO L(x) P dx| .
[(1 —&p Un (@)

Since function L is locally bounded in [z¢,00) for g > 0 and 2~ ?L(z) is non-
increasing near infinity, then for all large n, we have

n

u}/g” /0031:_1/5"_‘S L(:E)l/pdx = O(u_‘s) ,

n

and therefore, for all large n

/U:OF(J:)Updx = p}/"lﬁ_"gp (1 —u;, L(uy) + O(UT_LéL(un)))l/p.

Consequently

B, o = O(U}L—l/pﬁ—fvp) ,

)

which means, since 1 —1/p§ —§/p < 0, that B, o L 0asn— oo.
For A,, we have

(4.4) A, = \/ﬁ/oun [(Fn(:n))l/p - (F(J:))l/p} dx .

We next show that, the right-hand side of (4.4), converge to 0 in probability, by
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the use of the Taylor formula, we have

[ [Ee) - Fa)] do -

fl unix—ix {L‘l/pill'

= [ @) - F@) (F)

- — [ (R - F@) (Fa) " a

- MR S asn - Fw) (Fw)

_ LS Mix<a 1/p-1 () (Fla) e

- LY [ F@) e TR (F@)
1 r—

- - [Z—]E[Zl]] ,

where

We assume that

72 = var(Zy) .

We are going to calculate ,. For F(z) = z~/¢0(1) and u,, = n®¢O(1), we have

E[Z] = /0 () EL(X < 2)] da
- /oun(Fm)” T (1-F(x)) da
= /un(F(x))l/Pldx _/un(F(x))l/de
0 0
(v oy g — (1) g
I o~ M) i) oy

0

_ (Pf (un TS e (wlzl/gp)> o(1)

pE+E—1 Ep—1
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-/ “"(f;(x))“’” ( / z(ij))””‘lF@) dy) dx
+ [ E e ([ F@) e e ) ay

T

_ <p2§2 (u%(l—l/ﬁpﬂ/&)) 2,0252 (u%—2/£p+1/£) ) o

(p&+p—1)2 Ep—1)(2pE+p—2)

we conclude that

Now, we show that

\V/H(Z—E[Zl])g/\f((),l), as m— 0o .

With Lindeberg—Feller Theorem (see e.g. Chapter 2 in Durrett (1996)), note that

n /Oun(F(x))l/pll(Xk <2)dr — E[Z4]

Vi _
Tn (Z E[Zl]) ; ’Yn\/ﬁ

n
= Z Sk,n )
k=1

where
E(Skn) =0, E(S{,)=1/n and Y E(S{,)=1 forall n>1.
k=1

We need to show that

n

ZE[|S;W|2 1(Skn| >6)} — 0, as m — 00 .
k=1

Indeed, we have
S E[ISkal21(1Skal > )| = ;E[[ZkE[Zﬂfl(!ZkE[21H>e%¢ﬁ)}.
k=1 n

Since }Zk — E[Zl]‘ < up, then the right side of the previous inequality is less or

equal than
u2 U2
5 E|1] 2, ~E[Z)]| > eqv/n] = ~ P||Z4 ~ElZ1]| > evnv/n] .
n n

In view of Tchebychev’s inequality, we get

2 2
Un [ _ } U, L

P\ Z.—-E|Z < .
V2 | Zk — E[Z1]| > evav/n| < V (6%\/5)2
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Further, for all a € (0,1), £ € (0,1) and € > 0, with u, = O(n*) was used, then
U% —2at+4a/p—1
—rr =N 0(1) .
eny:

We must assume: 4a/p —2af <1 for that ZzzlE[’Sk,nP 1(|Skn| > e)} — 0
as n — 00.

Finally, we obtain that

Vs oy 1lvn g, VP =Pn) V1 (Pn—pn)
e Won=The) = =5 P (7 =Bl + 00 Vr1=p2)

02ﬂn = 93
+——— VNPn (Pn n—1) + VIPn (Sn— +op(1) ,
This enable us to rewrite into
. 1—p,
f(ﬂp,n—ﬂp) - _*W + 61 &WQ
(1+&) 025, (1 0
\/ +& Qﬁ L4 (180 (14+£)63 Wi+ op(1) |
vV Pn Tn vV PnVn

where (W;)i=14 are standard normal rv’s with EW;W;] =0 for every i,j =
1,...,4, except for

1 N 1 R
EWsW,] = E WM(Bn/ﬁn_l) e \/@(fn—f)]
1 N R
T 1192019 E|vipn (Bu/ = 1) Vb (60— )]
1
RS

From Lemma A-2 of Johansson 2003, under the assumptions of Theorem 2.1,
we have, for any real numbers, t1, t2,t3 and t4,

E [exp{itl VI (Z _E(Z))) + i i (ta ) (Wﬁ . 1) +ity

Tn n—

2 2
- exp{—t21 - %(t27t3) @1< Z) - t24} (1+o0p(1))

as n — oo, where Q7! is that in (2.6), 42 = Var(Z;) and i? = —1.
It follows that, with this result that

N H

pn(l - pn)

vn (ﬁpyn—HP)g./\/'(O,l), as n — 00,

YnOn
where
1 2 2(1+¢)63 32
2 1
op = — + 5 pn(1—pn) + —— 20
mp? A2 n(1=pn) P2
L Q9205 (1+6) 50205
P2 PnY2

This complete the proof of Theorem (2.1). O



348

A. Rassoul

ACKNOWLEDGMENTS

This work has been supported by the National Agency of the University

Development Research of Algeria (ANDRU) PNR project, code: 08/E09/5100.
We are grateful to an anonymous referee for constructive criticism and a number

of queries that helped us to produce a substantial revision of the paper. I also

thank the Professor Necir who encouraged me to address this work.

REFERENCES
[1]  BEIRLANT, J.; MATTHYS, G. and DIERCKX, G. (2001). Heavy-tailed distribu-
tions and rating, Astin Bull., 31, 37-58.
[2] BiNngHAM, N.; GOLDIE, C. and TEUGELS, J. (1987). Regular Variation, no. 27
in Encyclopedia of Mathematics and its Applications, Cambridge University Press.
[3] BUHLMANN, H. (1980). An economic premium principle, Astin Bull., 11, 52-60.
[4]  CeBRIAN, A.C.; DENUIT, M. and LAMBERT, P. (2003). Generalized Pareto
Fitto the Society of Actuaries. Large Claims Database, NAAJ., 7, 18-36.
[5) CENTENO, M.L. and ANDRADE E SILVA, J. (2005). Applying the proportional
hazard premium calculation principle, Astin Bull., 35, 409-425.
[6] EMBRECHTS, P.; KLUPPELBERG, C. and MIKoscH, T. (1997). Modelling Ez-
tremal Events, Springer.
[7]  FELLER, W. (1971). An Introduction to Probability Theory and Its Applications 2,
97 od., Wiley, New York. MR 42:5292.
8] FURMAN, E. and ZITIKIS, R. (2008). Weighted risk capital allocations, Insurance
Math. Econom., 43, 263-269.
[9) JoHANSSON, J. (2003) Estimating the mean of heavy-tailed distributions,
FEaxtremes, 6, 91-131.
[10]  JonEs, B.L. and ZITIKIS, R. (2003). Empirical estimation of risk measures and
related quantities, North American Actuarial Journal, 7, 44-54.
[11] LeHMANN, E.L. and CASELLA, G. (1998). Theory of Point Estimation, Springer.
[12] NECIR, A. and MERAGHNI, D. (2009). Empirical estimation of the proportional
hazard premium for heavy-tailed claim amounts, Insurance Math. Econom., 45,
49-58.
[13] RESNICK, S. (1987). Extreme Values, Regular Variation and Point Processes,
Springer-Verlag.
[14] Rouski, T.; ScHmipLl, H.; ScHMIDT, V. and TEUGELS, J.L. (1999).
Stochastic Processes for Insurance and Finance, John Wiley & Sons, Chichester.
[15] RomaNoO, J.P. and WoLF, M. (1999). Subsampling inference for the mean in

the heavy-tailed case, Metrika, 50, 55-69.



Proportional Hazard Premium 349

[16]
[17]
[18]
[19]

[20]

SENETA, E. (1976). Regularly Varying Functions, Lecture Notes in Mathematics,
no. 508, Springer-Verlag.

SMITH, R. (1987). Estimating tails of probability distributions, The Annals of
Statistics, 15, 1174-1207.

SmITH, R.L. (1985). Maximum likelihood estimation in a class of nonregular
cases, Biometrika, 72, 67-90.

WAaNG, S.S. (1996). Premium calculation by transforming the layer premium
density, ASTIN Bull., 26, 71-92.

YAARI, M.E. (1987). The dual theory of choice under risk, Econometrica, 55,
95-115.



