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1. INTRODUCTION

Due to technological progress, in particular the enlarged capacity of com-
puter memory and the increasing efficiency of data collection devices, there is
a growing number of applied sciences (biometrics, chemometrics, meteorology,
medical sciences...) where collected data are curves which require appropriate
statistical tools. Because of this, functional data analysis has known a quite im-
portant development in the last fifteen years (see, e.g., [26], [27], [14], [7], [16],
[17] and [18] for monographs and collective books on this specific subject). How-
ever, whereas there has been substantial work on the nonparametric estimation of
the probability density function for univariate and multivariate random variables
since the papers of [22] and [28], much less attention has been paid to the infinite-
dimensional case. The extension of the results from the multivariate framework
to the infinite dimensional one is not direct since there is no equivalent of the
Lebesgue measure on an infinite dimensional Hilbert space. In fact, the only lo-
cally finite and translation invariant measure on an infinite dimensional Hilbert
space is the null measure and any locally finite measure p is even very irregular:
denoting by B(x,r) the ball of center z and radius r, we have that, for any point
x, any arbitrary large M and any arbitrary small r such that u(B(z,r)) < oo,
there exist (z1,22) € B(x,7)? such that u(B(z1,7/4)) < M x u(B(xa,7/4)). For a
coverage of the theme of measures on infinite dimension spaces, we refer to [33],
[34], [8] and [31].

The first consistency result for a kernel estimator of the density function
for infinite dimensional random variables has been obtained in [4] where a rate is
given in the special case when the kernel is an indicator function and the density
is defined with respect to the Wiener measure. Later, different estimators of
the density, based on orthogonal series (see [5]), delta sequences (see [25]) or
wavelets (see [24]), have been proposed but none of them is adaptive. Note that
the estimation of the density probability function is nonetheless itself of intrinsic
interest but it also has a key role in mode estimation and curve clustering (see

[6])-

Contrary to the chronology of studies in the multivariate case, in the func-
tional framework, estimators of the regression function have been proposed before
those of the density. Ferraty and Vieu introduced the first fully nonparametric
estimator of the regression function, at first under the hypothesis that the under-
lying measure has a fractal dimension in [12] and then using only probabilities of
small balls in [13]. However, since these pioneering works, no adaptive estimator
has been proposed.

Considering the density estimation problem from functional data, [24] has
recently developed a new procedure based on the multiresolution approach on
a separable Hilbert space introduced by [19]. This procedure belongs to the
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family of the linear wavelet estimators. As proved in [24, Theorem 3.1], it enjoys
powerful asymptotic properties. However, such a linear wavelet estimator has two
drawbacks: it is not adaptive (i.e., its performances are deeply associated to the
smoothness of the unknown function) and it is not efficient to estimate functions
with complex singularities (the sparsity nature of the wavelet decomposition of
the unknown function is not captured). For these reasons, [24, Page 2 lines 14-
16] states “it would be interesting to investigate the advantage of these wavelet
estimators for functional data by using wavelet thresholding suggested by [11]”.
This perspective motivates our study.

Adopting the multiresolution approach on a separable Hilbert space H of
[19], we construct an adaptive wavelet procedure extending the hard threshold-
ing rule introduced by [11] to a general nonparametric estimation context for
functional data. In order to study its asymptotic properties, we introduce two
different kinds of decomposition spaces expressed in terms of wavelet coefficients
via the new basis (see Section 2). They are related to the maxiset approach
introduced by [3] and of interest as they contain a wide variety of unknown func-
tions, complex or not. Exploring the density model and the regression model for
functional data, we determine the rates of convergence attained by our estimator
under the mean integrated squared error on H and over the intersection of the
two considering decomposition spaces. To the best of our knowledge, this study
is the first one developing a wavelet-based adaptive estimator in the context of
functional data (and studying it theoretically). Let us mention that the new
findings includes several obtained results for H = L, ([a, b]).

The paper is structured as follows. In Section 2, we briefly describe the
wavelet bases on H and we define some decomposition spaces. The density es-
timation problem for functional data via wavelet thresholding is considered in
Section 3. The regression one is developed in Section 4. The proofs are gathered
in Section 5.

2. WAVELET BASES ON H AND DECOMPOSITION SPACES

2.1. Wavelet bases on H

Let us briefly describe the construction of wavelet bases on H introduced
by [19]. Let H be a separable Hilbert space of real- or complex-valued functions
defined on a complete separable metric space or a normed vector space S. Since H
is separable, it has an orthonormal basis £ = {e;; j € A} for some countable index
set A. As usual, we denote by (.,.) and ||.|| the inner product and corresponding
norm that H is equipped with.
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Let {Zy; k > 0} be an increasing sequence of finite subsets of A such that
UkZO Ir = A and, for any k > 0, Jx = Zx+1/Zx. For any k > 0, we suppose that
there exist (o € S, £ € Ij, and ni 0 € S, £ € Jj, such that the two matrices
Ay = (ej(Ck,Z))(j,é)ezgv By, = (ej(nk,Z))(j,z)eJ,§7

satisfy one of the two following conditions:

(A1) Ay Ay = diag(ck,z)felk and B; By, = diag(8k7g)gejk, where cg ¢, s 0,
for ¢ € I, and ¢’ € Jy, are positive constants,

(AZ) AkAz = diag(dk,j)jEIk and BkB* = diag(tm)jejk, where dk,j: tk,j’
for j € 7y, and j' € Jy, are positive constants.

For any x € S, we set

1 -
NETNEDD ej(Cre)ej(z),
: \35,k.0
GET, IR,
1
V(@5 M) = ——ej(nre)e;(x),
j;k hj,k,é
where
ek if (A1), P ske if (A1),
DEEZ dy, it (A2), IRET 4, if (A2).

Then the collection

B ={¢o(w;Coe); € € Zo; Yr(wime), k>0,€ € Ti}
is an orthonormal basis for H (see [19, Theorem 2 (a)]).

Consequently, any f € H can be expressed on B as

f@) = aoeo(@;Coe) + Y Y Brevn(imke),  x€S,

LeTy k>0 LeJy

where

(2.1) aoe = (fi¢0(:C0,0))s  Bre= (s r(mm0))-
We formulate the two following assumptions on &:

e There exists a constant C; > 0 such that, for any integer k£ > 0,

(2.2) Z '1 |€j(€k,f)|2 < (1, Z 3 ! \ej(nk,g)ﬁ < (.

FET, jy kL JE€Tk Jsks

This assumption is obviously satisfied under (A1) with C; = 1. Remark
also that the second example in [19, Section 4] satisfies both (A2) and
(2.2).
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e There exists a constant Cs > 0 such that, for any integer k£ > 0,
(2.3) sup > [ej(@)* < Co| T,
z€eS
JETk

This assumption is satisfied by the three examples in [19] (we have
SUP,eg SUP e, l€j(7)] < 1). Remark that it contains [24, (3.16)].

2.2. Decomposition spaces

Let s > 0 and 7 > 0. From the wavelet coefficients (2.1) of a function f € H,
we define the Besov spaces B3 (H) by

(2.4) B (H) =1 f€H; Sl;%ljm\gs DD 1Brel® < o0

k>m eTJy
and the “weak Besov spaces” W' (H) by
(2.5) WI(H) =14 feH; supA > > 15, 152} <O ¢
A0 1>00eT,

where 1L 4 is the indicator function on A.

Such kinds of function spaces are extensively used in approximation theory
for the study of non linear procedures such as thresholding and greedy algorithms.
See, e.g., [10] and [30]. From a statistical point of view, they are connected to
the maxiset approach. See, e.g., [3], [21] and [1].

3. DENSITY ESTIMATION FOR FUNCTIONAL DATA

3.1. Problem statement

Let {Q,F, P} be a probability space and {X;; ¢ > 1} be ii.d. random
variables defined on {Q2, F, P} and taking values in a complete separable metric
space or a Hilbert space S associated with the corresponding Borel o-algebra
B. Let Px be the probability measure induced by X; on (S,B). Suppose that
there exists a o-finite measure v on the measurable space (S, B) such that Py
is dominated by v. The Radon-Nikodym theorem ensures the existence of a
nonnegative measurable function f such that

Px(B) = /Bf(x)u(da:), B e B.
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In this context, we aim to estimate f based on m observed functional data
D ST, ¢

We suppose that f € H, where H is a separable Hilbert space of real-valued
functions defined on S and square integrable with respect to the o-finite measure
v.

Moreover, we suppose that there exists a known constant C'y > 0 such that

(3.1) sup f(z) < C.
T€S

The estimation of the density function for functional data has been first
addressed in [4], and the consistency in L?-norm has been established in [5] for
a projection estimator. More recently, [24] established the convergence in mean
square -with rate- of a non adaptive wavelets based estimator. We refer to these
papers for details and applications of the model.

3.2. Estimator

Following the procedure of [11] and adopting the notation of Section 2, we
define the wavelet hard thresholding estimator f by

mn

(32)  f(x) = doedo(w;Coe) +Y Y Brell {\ﬁ o \W}W(Jc S Mk,0),

Lelp k=0 ¢eJy

x € S, where
1 « 1 —
(3.3) G = - 21 (X5 Crye) Brye = - 2%(&'; Mh,t),
1= 1=

k is a large enough constant and m,, is the integer satisfying

1 n

2Inn < | Fma| =

- lnn

The construction of f consists in three steps: firstly, we estimate the un-
known wavelet coefficients (2.1) of f by (3.3), secondly, we select only the “great-
est” Bk,z via a hard thresholding and thirdly we reconstruct the selected elements
of the initial wavelet basis. The choices of the threshold (Inn/n)'/? (correspond-
ing to the “universal threshold”) and the definition of m,, are based on theoretical
considerations (see Theorem 3.1 below).

Note that f is adaptive, i.e., it does not depend on the knowledge of the
smoothness of f. It can be viewed as an adaptive and thresholded version of the
linear wavelet estimator proposed by [24]
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Details on the wavelet hard thresholding estimator for H = L,([a,b]) and
the standard nonparametric models can be found in [11], [9], [20] and [32].

3.3. Results

Theorem 3.1 below evaluates the performance of f assuming that f belongs
to the decomposition spaces described in Subsection 2.2.

Theorem 3.1. Consider the density estimation problem described in
Subsection 3.1. Suppose that £ satisfies (2.2) and (2.3). Let f be given by (3.2).
Suppose that f satisfies (3.1) and, for any 6 € (0,1), f € Bgf(H) NW2A-0)(H),
where BY2(H) is (2.4) with s = 0/2 and W2(A=9)(H) (2.5) with r = 2(1 — 0).
Then there exists a constant C > 0 such that

Inn

B(IF - IP) < C<n)9

for n large enough.

An immediate consequence is the following upper bound result: if f &€
Bgé<25+1)(H) NW?/@stD(H) for s > 0, then there exists a constant C' > 0 such
that

) I\ 25/ @s+D)
B(lf- AP <o (B)

This rate of convergence corresponds to the near optimal one in the “standard”
minimax setting (see, e.g., [20]).

Moreover, applying [21, Theorem 3.2], one can prove that B%Q(H )N
W2(-0)(H) is the “maxiset” associated to f at the rate of convergence (Inn/n)?,
ie.,

lim (L)eE(Hf_ fIPP) < 0o & f e BY2(H) n w9 (m).

n—oo \Inn

These new theoretical results complete the work of [24] in the sense that
our wavelet-based procedure is adaptive thanks to its term-by-term selection of
the BM and we prove that it achieves a suitable rate of convergence over a wide
class of functions well adapted to our setting.

The next section considers another statistical problem: the the regression
estimation for functional data. We show how adapt our wavelet methodology to
this problem.
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4. REGRESSION ESTIMATION FOR FUNCTIONAL DATA

4.1. Problem statement

Let {Q, F, P} be a probability space and {(X;,Y;); i > 1} be i.i.d. replica of
a couple of random variables (X,Y") defined on {2, F, P}, where Y is real valued
and X takes values in a complete separable metric space or a Hilbert space S
associated with the corresponding Borel o-algebra B such that

(4.1) Y = f(X) +e¢,

f denotes an unknown regresion function and € is a random variable independent
of X with e ~N(0,1). We suppose that f € H where H is a separable Hilbert
space of real-valued functions defined on S. Let Px be the probability measure
induced by X; on (S, B). Suppose that there exists a o-finite measure v on the
measurable space (S, B) such that Px is dominated by v. As a consequence of
the Radon-Nikodym theorem, there exists a nonnegative measurable function g
such that

Px(B) = / g(z)v(dz), B e B.
B
We suppose that g is known.
In this context, we want to estimate f from (X1, Y1), ..., (Xp, Yn).

The kernel estimator of the regression function for functional data has been
proposed by [13] and the convergence in mean square of that estimator has been
established by [15] with the rate O(h? + (nP(X € B(z,h))™!) where h is the
bandwidth. Note that the optimal choice of h depends on the underlying unknown
distribution.

We shall suppose that there exist two known constants Cy > 0 and ¢4 > 0
such that

(4.2) sup f(z) < Cy, inf g(x) > c,.
z€8 z€S

4.2. Results

Theorem 4.1 below explores the performance of f assuming that f belongs
to the decomposition spaces described in Subsection 2.2.



220 Christophe Chesneau, Maher Kachour and Bertrand Maillot

Theorem 4.1. Consider the regression estimation problem described above.
Suppose that £ satisfies (2.2) and (2.3). Let f be as in (3.2) with

n n

. 1 Y; 5 1 Y;
Qe = — k(X5 Croe), Bre = — e (X5 Mk e) 5
k is a large enough constant and m,, is the integer satisfying
1 n n
—— < < —0.
2 (Inn)? [Tima| < (Inn)?

Suppose that f and g satisty (4.2) and, for any 6 € (0,1), f€l’>’%2(H)ﬂ w2=9)(m),

where BY*(H) is (2.4) with s = 0/2 and W2U=9)(H) (2.5) with r = 2(1 — 6).

Then there exists a constant C > 0 such that

Bl - <o (R

for n large enough.

Again, note that, if f € Bié@sﬂ)(H) NW?2/@st1)(H) for s > 0, then there
exists a constant C' > 0 such that

Emf—m%gc<wff>

This rate of convergence corresponds to the near optimal one in the “standard”

2s/(2541)

minimax setting (see, e.g., [20]) up to an extra logarithmic term. To the best
of our knowledge, Theorem 4.1 is first one studying an adaptive wavelet-based
estimator for functional data in the nonparametric regression context.

CONCLUSION AND PERSPECTIVES

We construct an efficient and new adaptive estimator for an unknown func-
tion f belonging to a separable Hilbert space H. To reach this goal, we combine
several existing techniques: the wavelet basis on H developed by [19], the hard
thresholding rule introduced by [11] and some elements related to the maxiset
approach proposed by [3]. Rates of convergence are determined under the mean
integrated squared error on H over BY? (H) " W2O=9(H). Perspectives of this
work are

e To determine the optimal lower bounds over the considered spaces,

e To remove the logarithmic term by perhaps considering other thresh-
olding techniques. Thanks to its performances in numerous i.7.d. non-
parametric models, the block thresholding introduced by [2] is a good
candidate.
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e Consider the regression model (4.1) with an unknown g.

These aspects require further investigations that we leave for a future work.

5. PROOFS

In this section, C' denotes any constant that does not depend on j, k and
n. Its value may change from one term to another and may depends on ¢ or .

Proof of Theorem 3.1: The proof of Theorem 3.1 is a consequence of
[21, Theorem 3.1] with ¢(n) = (Inn/n)"/2, 0; = 1, r = 2 and the following propo-
sition.

Proposition 5.1. For any k € {0,...,m,} and any ¢ € Zj, or { € Jy, let
age and [y be given by (2.1), and dy ¢ and By ¢ be given by (3.3). Then

(i) There exists a constant C' > 0 such that

. Inn
E(|ée — apg]?) < CT'

(ii) There exists a constant C' > 0 such that

Inn

2
E(|Bre — Brel*) < C () .
n

(iii) For k > 0 large enough, there exists a constant C' > 0 such that
- k [lnn Inn\?
P |Bre=Brel 2 5\ == | =2(—~) -
n n

Let us now prove (i), (ii) and (iii) of Proposition 5.1 (which corresponds
o [21, (3.1) and (3.2) of Theorem 3.1]).

(i) We have
(5.1) E(Gre) = E(or(X1;CGp)) = /Sf(x)qﬁk(x;@,e)l/(dx) = Qg -
So

E (|¢r(X15 o) ?) -

S|

E(|age — anel?) =V (anye) = %V(Qbk(Xl; Crye)) <
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It follows from (3.1), the fact that £ is an orthonormal basis of H and (2.2) that

B (Ion(X1: o)) = /S 642 Co) () d)

IN

Cf/s |pr(z; ko) P (da)

2

1
e /S ];Ik T es(Ge)es(@)| )

(5.2) =Cr Yy

JELK

lej (Cro)|* < CyCh.
94,k

Therefore there exists a constant C' > 0 such that

2) Scl SCIHJ_
n n

E(|bg,e — o

(ii) Proceeding as in (5.1), we show that E (¢5(Xi;nke)) = Bke. Hence

4
(5.3) E(|Bre — Brel®) = %E

n
> Ui
i=1

Uik = Ur(Xisnke) — E(u(Xis k).

We will bound this last term via the Rosenthal inequality (recalled in the
Appendix).

We have E(U ) = 0.

By the Holder inequality and (5.2) with 5, (X1; nk,¢) instead of ¢p(X1;Cr ),
we have

(5.4) E(|Urgl?) < CE (|¢u(X1smi0)?) < C.

Let us now investigate the bound of E(|Uyk|*). Observe that, thanks to the
Cauchy-Schwarz inequality, (2.2) and (2.3), we have

1
sup [vg (23 7k,0)| < sup Y ———le;(nr0)lle; ()]

€S €S
1/2 1/2
1
< | 2 letma)l? sup Y [ej(x)[?
j€T £ mesjEJk

—
o
ot
~—
A

< OOV < OVl < 0y [
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The Hoélder inequality, (5.5) and (5.4) yield
(5.6) E(|Uikel") < CE (Jn(X1;ne0]*) < OnE (|¢e(X1;mi0)?) < Cn.
It follows from the Rosenthal inequality, (5.4) and (5.6) that

n 4
1 1
B[P Ui | < Omax <nE (1U1kel?) , (nE (\Uwg\?))?)
=1
(5.7) < Ci <C Inn i
. <c<o(=2) .

By (5.3) and (5.7), we prove the existence of a constant C' > 0 such that

2
E(|Bre — Bri*) < C (mn> .

n

(iii) We adopt the same notation as in (ii). Observe that

n k [lnn " k /lnn
(5'8) P <‘5k,€ - ﬁk,f‘ > 5 n) =P ( ZUi,k,f > 715 ) .

, n
i=1
We will bound this probability via the Bernstein inequality (recalled in the

Appendix).
We have E(U ) = 0.

By (5.5),

n
ULkel < Csup [y (w;mee)| < Oy -
x€S nn

Applying (5.2) with ¢y (X1; k) instead of ¢r(X1; (ke), we obtain E(|Uy g e|*) <
C.

It follows from the Bernstein inequality that

C 2 2Inn
(5.9) P< zn’;/lnn> <2exp | — R < op—ux)
c n 1
= n+nry\ R/ RS

n
Z Ui ke
i=1

where

_ Cr?
I
Since lim,_ o w(k) = oo, combining (5.17) and (5.19), and taking x such that

w(k)

w(k) = 2, we have

2
P<|Bke—ﬂké’2K\/lnn> §01§C<lnn> .
' ' 2 n n? n

The points (i), (ii) and (iii) of Proposition 5.1 are proved. The proof of Theorem
3.1 is complete. O
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Proof of Theorem 4.1: As in the proof of Theorem 3.1, we only need to
prove (i), (ii) and (iii) of Proposition 5.1.

(i) Since X; and €; are independent and E(e;) = 0, we have

(5.10) =/m  Geo)g(@)v(de) = .
So
Bllane - an?) = V(o) = 1V (- son(iiaun)

5
< %E (‘g(};l)¢k(X1§Ck,2) ) :

It follows from (4.2), |Y1| < Cf + |e1], g(X1) > ¢4, the independence between X
and €, E(e?) = 1, the fact that £ is an orthonormal basis of H and (2.2) that

Yi 2 1 1
E <‘£](lel)¢k(X1§Ck,£) > < (CF+ 1)gE <|¢k(X1;Ck,e)!2 g(X1)>

1 1
:w%w%émmwwmﬁmmm

:qémm@m%w»

2

1
(5.11) =CZ

]EI

‘ej Ckﬂ <C.

Therefore there exists a constant C > 0 such that

N Inn
E(|age — arel?) < C < Ci

(ii) Proceeding as in (5.10), we show that E (Yt (Xi;nke)/9(Xs)) = B
Set

Usiko = ml/}k(Xi,’nk,z) —FE (g(Xi)wk(Xz, 77k:,£)> -

and observe that

(5.12) E(|Bke — Brel®)

i,k

We will bound this last term via the Rosenthal inequality (recalled in the Ap-
pendix).
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We have E(Uy k) = 0.

By the Holder inequality and (5.11) with 15 (X71; nx,¢) instead of ¢ (X1; Cre),

we obtain
2
< (.

Let us now investigate the bound of E(|Uy k|*). Observe that, thanks to the
Cauchy-Schwarz inequality, (2.2) and (2.3), we have

(5.13) E(|Uy ke

’)<CE (‘Q(Y);)W(Xl;nk,e)

1
sup [vg (23 7k,0)| < sup Y ———Ie;(nre)l]ej ()]
iz VK

€S zeS
1/2 1/2
1
<> r!ffj(nk,e)\Q sup > lej(x)?
y Iy xeS .
JETk JETk

(5.14)

IN

n
20T < OV T < C”W'
The Hoélder inequality, (5.14) and (5.13) yield

CE ([r(X1;mee)|') < CnE ([r(X;mie) )
Cn.

E(|Ukb) <
(5.15) <

It follows from the Rosenthal inequality, (5.13) and (5.15) that

n 4
1 1
B > Uine| | < O max (nE(lULMZL)»(”E(\Ul,k,€|2))2)
i=1
1 Inn >
(5.16) <C<C <n> .

By (5.12) and (5.16), we prove the existence of a constant C' > 0 such that

Inn

2
E(Bre - Bed) < C () |

n

(iii) We adopt the same notation as in (ii). Since E (Y;¢r(Xs;m1.0)/9(Xi))
= Bk, we can write
Uik = Vike + Wik,

where
Vike = N Ui (X e)Ta, — E (YZ Ui (X5 1 e)]IA-> ,
vy g(X’L) 9 T g(X’L) 9 T
Wik = N U (Xis i) Lae — £ ( Y i (Xis e)]IA¢> ,
o g(Xy) T 9(Xi) T

A; = {|ez\ > e lnn}
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and ¢, denotes a constant which will be chosen later.

We have

(\ﬁke—ﬁke\_2 lnn)z (

(5.17) < I+ 12,

ikl

lnn)
>n

where

ik,0 > g\/ nlnn)

and

n
I :P<
i=1

Let us now bound I; and Is.

ike| = \/nlnn) .

N

Upper bound for I;. The Markov inequality and the Cauchy-Schwarz in-
equality yield

I < —/—— T ( 1M> \/%E( l)
n Y;
< C\/;E <'g()§1)¢k(X1;77k,é) ]IA1>
. . o\ 172
< C’\/; (E <’g()§1)¢k(X1;77k,e) )) (P(A1))Y2.

Using (5.13), an elementary Gaussian inequality and taking c, large enough, we
obtain

1
5.18 I <C e—Cinn/d o
( ) ! lnn - " p?

Upper bound for Is. We will bound this probability via the Bernstein in-
equality (recalled in the Appendix).

We have E(W; ;) = 0.

Using (4.2) which implies |Y1T4¢| < Cf +cxvInn < CvVInn and g(X;) >
cg, and (5.14), we obtain

(Wi ool < CVInnsup |1y (z;nee)| < CvVInn L C\/T.
o zeS ’ (Inn)? Inn

Applying (5.11) with ¥, (X1; 7k ¢) instead of ¢ (X1; (k. ¢), we obtain E(|WLM\2) <
C.
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It follows from the Bernstein inequality that

Cn2k2hn
(519) I < 2exp |~ v ) <opme,
/1
n+ nk %\/ﬁ
where
(%) Ck?
w(k) = .
1+k

Since limy o w(k) = 0o, taking x such that w(k) = 2, we have

1
I <2—.
2 <273

It follows from (5.17), (5.18) and (5.19) that

2
P(Wu—ﬁkdzﬁwlnn) SClé(J(lnn) .
k ' 2 n n? n

Hence the points (i), (ii) and (iii) of Proposition 5.1 are satisfied by our estima-
tors. The proof of Theorem 4.1 is complete. ]
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APPENDIX

Here we state the two inequalities that have been used for proving the
results in earlier section.

Lemma A.1 ([29]). Letn be a positive integer, p > 2 and Vi, ..., V;, ben
zero mean i.i.d. random variables such that E(|V1|P) < co. Then there exists a
constant C' > 0 such that

o5
=1

P
> < C'max (nE(\V1|p)7np/2 (E(Vf))pm) .

Lemma A.2 ([23]). Let n be a positive integer and Vi, ..., V;,, be n i.i.d.
zero mean random variables such that there exists a constant M > 0 satisfying
|[Vi| < M < oo. Then, for any v > 0,

'U2
" < - U) = 2o <_2 (nE(V2) + ’UM/3)> '

n

YV

i=1
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