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Abstract:

e This paper presents a modification (and partly a generalization) of STOPBREAK
process, which is the stochastic model of time series with permanent, emphatic fluc-
tuations. The threshold regime of the process is obtained by using, so called, Noise
indicator. We proceed to investigate the model which we named the General Split-
BREAK (GSB) process. After brief recalling of its basic stochastic properties, we give
some procedures of its parameters estimation. A Monte Carlo study of this process is
also give, along with the application in the analysis of stock prices dynamics of several
Serbian companies which were traded on Belgrade Stock Exchange.
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1. INTRODUCTION

Starting from the fundamental results of Engle and Smith [4], who were the
first who had introduced the stochastic process of permanent fluctuations, named
STOPBREAK process, we had defined a new, modified version of the well known
generalization of STOPBREAK process. In our model, we set the threshold noise
indicator as we had recently done in the time series of ARCH type, described
in Popovi¢ and Stojanovié¢ [12] and Stojanovi¢ and Popovié [15]. Our model,
named the General Split-BREAK process or, simply, GSB process, is at the same
time the generalization of so called Split-BREAK model introduced in Stojanovi¢
et al. [16].

In the next section, Section 2, we shall briefly present the definition and
the main stochastic properties of GSB model, described in detail in Stojanovié
et al. [17], and we will define the sequence of increments of the GSB process, called
Split-MA process. Beside the standard investigation of the stochastic properties
of Split-MA model, we will particularly give the conditions of its invertibility. The
main result of this paper, procedures of the parameters estimation of GBS process,
are described in Section 3. We will pay the special attention to the estimation of
the threshold parameter, named critical value of the reaction. We shall prove the
asymptotic properties of evaluated estimates. The following section, Section 4,
is devoted to the Monte Carlo simulations of the innovations of GSB process.
Section 5 describes an application of the estimation procedures on the real data
of some trading volumes on Belgrade Stock Exchange. Finally, Section 6 is the
conclusion.

2. THE GSB PROCESS. DEFINITION AND MAIN PROPERTIES

We shall suppose that (y;) is the time series with the known values at
time ¢t € {0,1,..T} and F = (F3) is a filtration defined on the probability space
(Q,F, P). Following Engle and Smith [4], the sequence (y:) will be a General
STOPBREAK process if it satisfies the recurrent relation

(2.1) A(L)B(L)y: = @1 A(L)er + (1 —q—1)B(L)er, t=1,...T,

where, A(L) =1-3"_,a;L7, B(L)=1-37;_, BxL*, and L is the backshift
operator. On the other hand, (&) is a white noise, i.e. the i.i.d. sequence of
random variables adapted to the filtration F', which satisfies

E(5t|ft—1):07 Vaf(5t|ft—1)202, t=1,..,T.

At last, (q) represents the sequence of random variables which depends on the
white noise (¢¢), and in addition, P{0 < ¢; <1} =1 for each t =0,1,...,T. The
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sequence (g;) displays the (permanent) reaction of the STOPBREAK process,
because its values determine the amount of participation of previous elements of
white noise process engaged in the definition of (y;).

In that way, the structure of the sequence (¢;) determines the character
and the properties of the STOPBREAK process, which vary among the well
known linear stochastic models. This model was investigated later by several
authors, for instance Gonzéles [6], or Diebold [3], whose works were based on
certain variations of the reaction (g;). On the other hand, many authors, for
instance Huang and Fok [9] or Kapetanios and Tzavalis [10], have studied mainly
the practical application of the STOPBREAK (and some similar) processes.

Similarly as in the definition of Split-ARCH model [12, 15], we shall suppose
in the following that

) 1, e ,>c
(2.2) g = I(ef_1>c¢) = ) t=1,..,T,
0, &_4<c,
i.e., that the permanent reaction (2.2) represents, so-called a Noise indicator.
Remark that, according to (2.2), it follows that

E(Qt&’ft—l) = QtE(€t|-7:t—1) =0,

and it can be seen that the sequence (q; &¢) is a martingale difference, as in the
definition of basic STOPBREAK model [4].

However, it seems that in the case of general STOPBREAK process this
formulation of reaction (g;) is inadequate. The primary reason for such opinion is
the fact that the model (2.1) includes only “directly previous” realizations of (¢;),
which are obtained at the moment ¢ — 1. Therefore, the general STOPBREAK
process (2.1) with the reaction (2.2) operates in (only) two different regimes

A(L)yy, q—1=0 (w.p. b.)
t p—
B(L)y:, q—1=1 (w.p. ac),

where a. = E(q) = P{e? | >c}, b. = 1 — a, and “w.p.” stands for “with probabil-
ity”. Therefore, the equality (2.3) defines the well known Thresholds Autoregres-
sive (T'AR) model introduced by Tong [18] and discussed in details, for instance
by Chan [2], Hansen [8] and, in the newest time, Scarrott and MacDonald [13] and
some other authors. Based on this, here we discuss the different generalization
of Split-BREAK process, more general than that of Engle and Smith [4].

(2.3)

Definition 2.1. Let L be a backshift operator, A(L) =1— 1", a; LY,
B(L)=1-3"_,B; LV, C(L)=1->7%_,yL* and (g) the noise indicator de-
fined with (2.2). Then, the sequence (y;) represents the General Split-BREAK
(GSB) process if it satisfies

(2.4) AL)ye = BL)qrer + C(L) (1 —q)er, tEZL.
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Note that the definition above represents the general stochastic model which
as its specific forms, contains the most of other, well known models. In depen-
dence of A(L), B(L) and C(L) we have, for example, the following processes:

A(L)=B(L)=C(L)=1: Yr = €t (White Noise)
A(L)=1, B(L)=C(L)#1: y=B(L)e; (MA model)
A(L)#1, B(L)=C(L)=1: A(L)y: =+ (AR model) .

Finally, in the case when A(L) = C(L) =1— L and B(L) =1 we get the Split-
BREAK process introduced by Stojanovié et al. [16]. In the following, we shall
analyze some specificity of the model (2.4) and suppose A(L) = C(L) # 1 and
B(L) = 1. Thus, the defined model can be written in the form

p p
(25) Y — Z Q5 Yt—j = €t — Z Q; Gt,j Et—j» teZ ,
=1 =1

where a; >0, j=1,...,p, and 6; =1 — g = I(¢?_; <¢). Obviously, this repre-
sentation is close to linear ARMA time series, except that it has the indicators
of noise (g¢) in its own structure. They indicate the realizations of noise which
have statistically significant weights in “previous” time. These “temporary” com-
ponents change the ARMA structure of GSB model (2.5). In this way, they make
some difficulties in the usage of well known procedures in investigation of the
properties of our model .

On the other hand, similarly to the basic STOPBREAK process, the equal-
ity (2.4) enables that the sequence (y;) can be presented in the form of additive

decomposition
(26) Y = My + &, te?Z,
where
P P
(2.7) my = Zozj(yt_j — 9,5_]' Et_j) = Zaj (mt_j +qt_j Et_]’)
j=1 j=1

is the sequence of random variables which we named the martingale means. It is
general case of analogous equality of Engle and Smith [4], which is obtained from
(2.7), for p = a; = 1. According to (2.6) it follows

(2.8) E(ys|Fi1) = mu+ E(et| Fio1) = mue

from which it follows E(y;) = E(m;) = p (const.), i.e. the means of these two
sequences are equal and constant. The variance of GSB process can be determined
in a similar way. As

(2.9) Var (y | Fi-1) = E(y?‘}-tﬂ) —m? = o?,

we can conclude that the conditional variance (volatility) of the sequence (y;) is a
constant and it is equal to the variance of the noise (;). Let us remark that the
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equalities (2.8) and (2.9) explain the stochastic nature of (2.4). As the sequence
(m¢) is predictable, it will be a component which demonstrates the stability of
the process itself. Contrary, the sequence (g;) is the factor which represents the
deviations (or random fluctuations) from values (m;). On the other hand, the
variances of sequences (m;) and (y;) satisfy the relation

Var(y;) = Var(my) + o*

and, in the non-stationary case, these are not constants, i.e., depend on the
observation time .

In the following, we shall describe stochastic structure of the increments

X, YAy, tez,

which, according to (2.4) and (2.5), we can write in the form of recurrent relation

p
(210) Xy = g — ZOZJ gt—j Et—j 5 te?.
j=1

Obviously, the sequence (X;) has the multi-regime structure, which depends on
the realizations of indicators (). If all fluctuations of the white noise in time
t — j are large, an increment X; will be equal to the white noise. On the other
hand, the fluctuations of the white noise which do not exceed the critical value ¢
will produce a “part of” MA(p) representation of (X;). In this way, the similarity
of this model to the standard linear MA model is noticeable, and the sequence
(Xt) we shall call the general Split-MA model (of order p) or, simply, Split-MA(p)
model. Tt represents the generalization of the model defined in Stojanovi¢ et al.
[16], and the threshold integrated moving average (TIMA) model introduced by
Gonzalo and Martinez [7]. The main properties of this process can be expressed
as follow.

Theorem 2.1. The sequence (X;), defined by (2.10), is stationary, with
mean E(X;) =0 and covariance v, (h) = E(X¢Xy4+1), h > 0, which satisfies the
equality

( P
02<1+bc,210‘32'>’ h=0
J:
p—h
(2.11) vy (h) = 025c<zloéj04j+h—ozh>, 1<h<p-1
‘7:
—02bcap, h=p
07 h>p

Proof: Elementary. O
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Similarly to the basic STOPBREAK model, we can, under some conditions,
show the invertibility of increments (X;). This property is analyzed from different
aspects by many authors who explored the STOBREAK models. We shall do
the same concerning our model in order to proceed estimation of the unknown
parameters of the model and apply our model to real data. As we shall see later,
only realizations of invertible Split-MA process can give strong consistent and
asymptotically normal estimates.

Theorem 2.2. The sequence (X;), defined by (2.10), is invertible iff the
roots rj, j=1,...,p, of characteristic polynomial

p
QM) = N —b. > a; A
j=1

P
satisfy the condition |rj| <1, j=1,...,p, or, equivalently, b. Y co; < 1. Then,
j=1

[e.9]
(2.12) ee=Y wpt)Xpp, tEZ,
k=0
where (wy,(t)) is the solution of stochastic difference equation
P
(2.13) we(t) = 01 Y ajwp(t), k>p, teZ,
j=1

with the initial conditions wy(t) = 1, wy(t) = Oy_ Zle ajwp—;(t), 1 <k<p-1.
Morever, the representation (2.12) is almost surely unique and the sum converges
with probability one and in the mean-square sense.

Proof: First of all, for any ¢ € Z, we define the vectors and matrices

Vt=(€t €t—1 ”‘€t—p+1)/, X; = (Xto”‘o),7

o180 an i1 - ap_10i_pyo apbi_py1
1 0 0 0
A=| 0 1 0 0 ,
0 0 1 0

and we can write the model (2.10) in the form of stochastic difference equation
of order one

(214) Vi=A 1V 1+ X, teZ.
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From here, we have

k k1
V= X+ Z(At—l“'At—j)Xt—j + (HAt—j> Vik-1,
j=1

j=1
where k = 1,2,.... It can be proven (see, for instance Francq et al. [5]) that the
existence of almost sure unique, stationary solution of equation (2.14), in the
form
oo
(2.15) V: = X + Z(At_l "'At—k>Xt—k , teZ,

k=1
is equivalent to the convergence

k+1
HAt,j & 0, k— o0 s
j=1

i.e., to the fact that the eigenvalues r;, j =1, ..., p, of the matrix

a1be asbe -+ ap_1be apbe
1 0o - 0 0
A =EAy) =
0 o - 1 0

satisfy the conditions |rj| < 1, j=1,...,p. According to the representation
det(A — AI) = (1P Q(N) ,

it is obvious that the eigenvalues r;, j =1, ..., p, are the roots of the characteristic
polynomial Q(A). Then, the condition |r;| < 1, j=1,...,p, is necessary and suffi-
cient for the almost sure uniqueness of the representation (2.15), and the almost
sure convergence of the corresponding sum. In the similar way, we can prove that
the same conditions are equivalent to the mean square convergence of the sum in
(2.15). From this point on, by simple computation, we can obtain the equations

(2.12) and (2.13). O

Based on the proposition above, it is clear that the presence of the se-
quence () in (2.10) enables the conditions of invertibility of increments (X})
to be weaker than corresponding conditions that are related to the stationarity
of the series (y;) and (m;) (see, for more details [17]). In that way, even non-
stationary time series (y;) and (m;) can form invertible Split-MA process which
is always stationar. This situation is particularly interesting in the case of so
called integrated (standardized) time series, where

p
(2.16) > aj=1.
j=1
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If the value of parameter b, is non-trivial, i.e., b. € (0, 1), then the sequence (X;)
will be invertible although (y;) and (m;) are non-stationary time series. We will
further assume that the “normality condition” (2.16) is always fulfilled, because it
will be of dual importance below. Primarily, the condition (2.16), which defines
series (y¢) and (m;) as the non-stationary ones, allows us, as opposed to the
stationary case, that these two series have non-zero means, which is particularly
important in applications (see, for instance, Section 5). Finally, another reason
for introducing the “normality condition” (2.16) lays in simplifying the estimation
procedure of unknown parameters of GSB model. As the sequences (y;) and (X;),
in general, do not depend on the coefficients a1, ..., o, only, but also of the critical
level of reaction ¢ > 0, the presumption (2.16) will be an additional “functional”
relationship between the unknown parameters which allows us to compute them
uniquely. In the next section there will be more discussion about such an idea of
parameters estimation when GSB model is standardized GSB model.

3. PARAMETERS ESTIMATION

Procedure of estimation of the unknown parameters o, ..., a,,c of GSB
model will be based on the realization of a stationary Split-MA (p) process (X;).
For this purpose, we suppose that X, ..., X, is the part of a realization of this time
series for which we define two kinds of estimates. First, equating the covariance
v (h), h =0, ...,p, defined by equality (2.11), with its empirical value

T—h
R 1
PYX(h> = m ; Xt Xt-‘rhv h = 07 Py

we get the, so called, initial estimates of unknown parameters. We denote these
estimates with o, ..., a,, respectively, i.e., in the case of critical value, with c.
Obviously, these are continuous functions of estimates 4, (h), and according to
the well known properties of continuity the almost sure convergence and the
convergence in distribution (see, for instance Serfling [14]) it can be easily proved
that ai,...,ap, ¢ are the consistent and the asymptotically normal estimates of
a, ..., 0, C.

In spite of good stochastic properties of these estimates, it can be proven
that these are not the efficient estimates of unknown parameters. In order to
achieve better estimates of unknown parameters we introduce the regression es-
timates G, ...0yp, ¢ based on the regression of sequence

p
(3.1) W = Zaj 9t—j+1 m_j +e&t-1, te? .
j=1

For this reason, we will firstly show that the necessary and sufficient stationarity
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conditions of a series of (W}) are equivalent to the conditions of invertibility of
(Xt), described in Theorem 2.2.

Theorem 3.1. The sequence (W;), defined by (3.1), is the stationary and
ergodic iff the roots r;, j=1,...,p, of characteristic polynomial

p
Q) = W =By aj AP
j=1

p
satisfy the condition |rj| <1, j=1,...,p, or, equivalently, b. > a; < 1.
j=1

Proof: If we introduce the vectors and matrices

Wi = (W, Wit - Wipa)'s Ei= (g 0--0),

10y a20i—1 - ap_10i—pyo apbi_pi1
1 0 0 0
A= 0 1 0 0 ,
0 0 1 0

then the equality (3.1) can be written in the form of recurrent relation
(32) W; = AW, +E; 1, te?.

From here, completely analogously to the Theorem 2.2, it can be shown that the
equation (3.2) has the strictly stationary, almost sure unique and ergodic solution

W, =E; 1+ Z(At '”At—k+1> E; 1, teZ,
k=1

if and only if the eigenvalues ry, ..., r, of matrix A = E(A;) satisfy the condition
il <1, j=1,...p. O

Now, let us define, using the procedure described in [11], the residual se-
quence

p
(3.3) Ry=W,=> a;Wij, teZ,
j=1

where we denoted a; = b. aj, j =1, ...,p. We shall prove the following proposition.
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Theorem 3.2. If the sequence (W;), defined by (3.1) is stationary, then
the sequence (R;), defined by (3.3) is the sequence of uncorrelated random vari-
ables.

Proof: If we introduce the vectors R; = (Rt 0--0 )I, t € Z, then it is
valid
R: =W, —AW,;_q, te?,

where W, and A are the matrices that we defined earlier. For arbitrary h > 0

the covariance matrix I'r (h) g (R¢R;_;) of the vectors (R¢) can be written

34)  Tgr(h) = T'w(h) — ATw(h+1) — ATw(h—1)+ ATw(h)A’,
where
Yw (h) Y (h+1) o Yy (h+p—1)
Tw(h=1) vy (h) Yy (h+p—2)
Fw(h) = . .
Ywh=p+1) v (h=p+2) - 7,(h)

is covariance matrix of the vector series (W;), and

PYW(h) (VVtVVt h) > PYW( h‘) :Vw(h)

)
is covariance of the statlonary series (W};). Using simple calculation it can be
shown that there is A I'w (h) w(h)A" =T'w(h+1), and by substituting this
equality in (3.4) 1mmed1ately follows I'r(h) = Opxp. O

Notice that in the equality (3.3) we defined the sequence (I/Vt) as a linear
autoregressive process of order p, with noise (Rt). Then, by using standard
regression procedure, we can obtain the estimate a, = (a1, ...,a,)" of parameter
a = (ai,...,ap), in the form of equality

(3.5) a, =W_ b, ,
where
T T T
> WA, Do WeaWig o X WeaWiy
t=p+1 t=p+1 t=p+1
T T T
S WieaWiea > W2, e Y Wi Wy,
W, = | t=pt1 t=p+1 t=p+1 ’
T T T
S WiaWiy X WiaWiy - S WE,

t=p+1 t=p+1 t=p+1
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/
T T T
b, = ( S WiWier Y WilWia - zmm_p> .

t=p+1 t=p+1 t=p+1

Now we are able to show the asymptotic properties of obtained estimates. In this
order, we define the set

P
A = {a:(ab...,ap)’eRp‘ Zaj<1}

Jj=1

which, obviously, is a set of parameter values a for which the invertibility condi-
tion of Split-MA process (X;), i.e. the stationarity condition of the series (1;) is
satisfied. In the mentioned assumptions, the following assertion is valid.

Theorem 3.3. Let, for some Ty >0 and any T' > Ty, the condition a, € A

is fulfilled. Then a, is strictly consistent and asymptotically normal estimate of
parameter a € RP.

Proof: According to equality (3.5), it is valid

(3.6) A, —a= <T1_p WT>_1- <T1_prT> :

where

T T T /
rr = < Z RWiq Z Wi o - Z RtI/Vt—p) .

t=p+1 t=p+1 t=p+1

According to ergodicity of (WW;), which is valid to the set A, follows the ergodicity
of residuals (R;). Then, under conditions of the theorem, using the ergodic
theorem we have

(3.7) — W, %D, T-oo,

where D = E(gtgg), g = (VVt_l I/Vt_p)/ and the moment-matrix D does
not depend on t € Z, for any a from the stationarity set A. According to ergodic
theorem, also, it is valid that

1
T-p

r, 25 0px1, T — o0,
and these two convergences, applied to equality (3.6), give
(3.8) a, —a % 0px1, T — oo,
i.e. the strict consistency of estimate &, is proved.

Note further that the decomposition (3.6) can be written in the form of
equality

(3.9) T-p(a,—a) = (Tl_p WT>_1- ( Tl_prT>.
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As for any ¢ = (¢1--- ¢,)" € RP the sequence

T I4
C,I'T = Z Rt <Z Cj VV;E—j)
j=1

t=p+1
is martingale, using the central limit theorem for martingale ([1]), we have

1

ﬂcer i)./\/’(O,C/IXC), T — 0o s

where A = E(wu)), uy = Rt(I/Vt_l VVt_p)/ and A does not depend on ¢, for
any a € A. Now, using this convergence and the Cramér—Wold decomposition,
we get
1 d
JT—p'" — N(©O,A), T—oo.

Finally, according to (3.7) it is valid
(T—p)WTA&D*l, T — o0,

and, according to equality (3.9) and the last two convergences, we obtain

(3.10) VT —p(a,—a) -5 N(0,D'AD), T —oo,
thus the theorem is completely proved. O

According to the obtained estimate a,, under the condition (2.16), the
estimates of unknown parameters a1, ..., oy, b, of GSB processes can be expressed

as
N p .
bc = ZCL]‘
(3.11) j=1
G; =ab,t,  j=1,..,p.

Using the showed properties of estimate &.., we can prove that the estimates of

T
“true” parameters have similar properties, which we formulate in the following

assertion.

Theorem 3.4. Let 7§T = (a1, ..., Gp, l;c)’ be estimate of the unknown pa-
rameter ¥ = (a1, ..., ap, b)) € RP*!, obtained according to estimate a, and equal-
ity (3.11). If, for some Ty > 0 and any T > T is satisfied the condition

p
be Y by <1,
j=1

then @T is strictly consistent and asymptotically normal estimate of 4.
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Proof: According to convergence (3.8) and the continuity properties of
almost sure convergence (see, for instance Serfling [14]) it is obviously valid that

éT_ﬁE)OPX17 T_>OO.

Notice that, for any a = (ay, ..., ap)" € RP, the expression (3.11) defines a mapping
g: RP — RPHL by

U = g(a) = <a1 <j§p:1aj>l, ap(jzp:laj>l, ijflaj )l-

Then, applying the convergence (3.10) and continuity properties of asymptotically
normal distributed random vectors (see, for instance Serfling [14]) we have

T—p(&T—ﬂ)LN(O,V), T — oo,

where V=GD !AD G’ and G = (6?9(51))
a

a=a

At the end of this section, let us remark some more facts that directly follow
from the estimation procedure described above and the theorems we have just
proven.

Remark 3.1. Asymptotic variances D"'AD~! and V are commonly
used as measures of bias of estimates a,, and 1§T, compared to the true values of
parameters a = (ay,...,ap) and ¥ = (az, ..., ap, be), where Z§:1 aj = b.. Based
on the introduced assumptions and the proof of previous theorem we have that

bol—aib;?  —apb;? - —agh?
—agb;? b7l —agb ? - —agb?
9g(a)
G— pu— pu—
@ = (% ,
—ayb;? —apb;? o bl —a,bs?

and taking the standard matrix norms, we conclude that for all a € RP is valid
P
G, = ||G@)||, =b"—b) aj+1=1.
j=1
Then, according to the previous equalities, for any matrix norm ||| which is
sub-multiplicative to |-||; and [-|| ., we get
IV = ||G@D'AD'G(&)| < |[DT'AD ||

Therefore, asymptotic variance of estimates 1§T, obtained by (3.11), does not
exceed the asymptotic variance of a,, under which they were calculated. In this
way, the method of parameters estimation of the GSB model is formally justified.
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Remark 3.2. If we apply estimates EC and IA)C, we can make a modeled
values of (g¢), and thereby, we can estimate the variance o of the sequence ().
To do this, we can use the sample variance, i.e. the estimates

T T
- 1 ~ 1 .
(3.12) o = T E e2(X,0) or 6 = T g e2(X,0) ,
t=1 t=1

where ,(X,6) and ,(X, ) are modeled values of the white noise which we ob-
tained by applying estimates b and bc, respectively (see, for more details, the
following section). In the case of the Gaussian noise (g;), these estimates are
identical to those which we can get applying the maximum likelihood procedure,
as it was shown in Stojanovié¢ et al. [16]. Namely, under the assumption that (e;)
is the Gaussian white noise, the log-likelihood function will be

T 1 <
L(yl,...,yT;U2) =-3 In(2mo?) ~ 5,2 Z ,

and we can easily see that the estimated value of the variance is identical to
the sample variance (3.12) of the series (e¢). The consistency and asymptotic
normality of estimates o and & can be easily shown.

4. MONTE CARLO STUDY OF THE MODEL

In this section we will demonstrate some applications of the above described
estimation procedure of Split-MA (1) and Split-MA (2) models. For the white noise
(e¢) it was used a simple random sample from with Gaussian N (0, 1) distribution,
so that the elements of the sequence (£7) were x? distributed, which has been used

for solving the critical value of the reaction ¢ and ¢.

In the case of Split-MA(1) process, as it is shown in Stojanovié et al. [16],
these estimates are based on 100 independent Monte Carlo simulations for each
sample size T = 50, T = 100 and T = 500 for the model

(41) Xt = €t_9t—15t—17 t= 1,...,T,

where 0; = I(¢?_; <1) and g9 = ¢_1 = 0. Firstly, according to the correlation

1, h=0
(4.2) p(h) = Corr(X¢qn, Xt) = —be/(be+1), h==1
0, otherwise .

it obtained the estimates b, = —pr(1) (14 p,.(1))
first correlation of the sequence (X;). After that, Solvmg the equation P{e7 <c}

, where p,.(1) is the empirical

= EC with respect to ¢, we obtained the estimates for the critical value ¢.
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In the next estimation stage, using the equality (4.1) in the “functional”
form (X, 0) = X3 + 6;—1¢:—1(X, 0) and b, as the initial (estimated) value of the
parameter b. € (0,1), the regression estimates b, are computed as

T—1 -1

(4.3) ZWtHXthXQI [ZWt X@] ,

t=0

where
Wi(X,0) = 6, W1 (X,0) +e-1(X,0), 0, =1I(c},<7),

and £9(X,0) = £_1(X,0) = 0. Finally, the regression estimates of the (true) crit-
ical value ¢ = 1 are solutions of the equation P{E% < c} = l;c with respect to c.
The average values of these estimates are set, together with the correspondent
estimating errors (the numeric values set in the parentheses) in the rows of Table 1.

Table 1: Estimated values of Monte Carlo simulations
of the Split-MA(1) process.

Sample Averages of estimated values
size pr(1) be ¢ be é 52 62

—0.376 0.614  0.894  0.647 0944  1.216  1.042

T'=50 (0.139)  (0.219) (0.726) (0.192) (0.571) (0.292)  (0.202)
—0.386 0634  0.894 0671  1.039  1.168  1.016

T =100 (0.097)  (0.156) (0.444) (0.141) (0.427) (0.184)  (0.124)
~0.394 0.664 0916  0.676  0.992  1.135  0.997

T =500 (0.056)  (0.091) (0.259) (0.068) (0.194) (0.102)  (0.099)

True values | —0.406 0.683 1.000 0.683 1.000 1.000 1.000

The second column of Table 1 contains the estimated values of the coeffi-
cient of the first correlation p, (1) of the Split-MA(1) model. The average values
of that column are somewhat smaller in the absolute value of the true value, which
is the case here p(1) = —b(1 + b.)"* ~ —0.406. In that way, estimates b, and ¢,
showed in the next two columns, will be a proper estimates if —0,5 < p,.(1) < 0.
Then, we showed the regression estimates be and ¢ which average values are closer
to the true value than previously mentioned, initial estimates ¢. This is due to the
fact, formally proved in Remark 3.1, that estimates ¢ are more efficient than ¢.
The histograms of empirical distributions of the estimates ¢ and ¢ are shown in
Figure 1. It can be seen that ¢ has the asymptotically normal distribution even
for the sample of a “small” sample size. Finally, the averages of estimated values
of 02, based on modeled values of the white noise (g;) and equations (3.12), are
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displayed in the last two columns of Table 1. Their average values differ from the
true value 02 = 1 as a consequence of two stage estimating procedure that was
used. In spite of that, it can be seen that the average values of 62 are closer to
the true value one than the average values of 2.

04 06 08 1 12 14 16 18

7=50

04 06 08 1 12 14 16 1§ 2 04 06 08 1 12 14 16 18

7=100

20 60

04 06 08 1 214 16 18 2 04 06 08 1 12 14 18 18

o
[N

7=500

Figure 1: Empirical distributions of estimated parameters ¢ and ¢
of Split-MA(1) model

As in the case of of Split-MA(1) process, we are able to apply the above
procedure for estimating the unknown parameters of Split-MA(2) process

(44) Xt = & — Q1 0,5_1 Et—1 — Q2 et_g Et—2, t= 1, ceny T.

For this purpose, we used 45 independent Monte Carlo simulations of this series
of the length T' = 500, with values of parameters a; = 0.6, ag = 0.4 and ¢ = 1.
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Firstly, by equating the correlation functions v, (h) of the model above with its
empirical correlations 4, (h), where h = 0, 1,2, we get the estimate

— (1) = /32(1) + 49 (1) 3, (2)
o] = )

29x(2)
) 290+ A1) #5201 + 454(1) 34(2)
o iTas 23x(2) |
7 _ _,AYX(2)

(6F +63) 35(2) + G295 (0) -

After that, using &y, as and ¢ as initial estimates we can generate the sequences
er(X,0,d) = Xi+ @10 1601(X,0,8) + 62 0, 15-9(X, 0, )
0, = 1(c2,(X,0,a) <2
Wi(X,0,8) = @16, Wi 1(X,0,8) + @201 Wi +&,1(X,0,d) ,

where t = 1,...,500 and g9 = e_; = 0. Finally, according to the equalities (3.5)

and (3.11) we obtain the regression estimates of appropriate parameters &y, ag, ¢
of Split-MA (2) model.

Table 2: Estimated values of Monte Carlo simulations
of the Split-MA(2) process.

Estimators Parameters

type ax as o1 Qo be c o?
Initial — — 0.597 0.403 0.673 0.993 1.016
estimates — — (0.043)  (0.043) (0.075) (0.162) (0.219)
Regression 0.421 0.274 0.605 0.394 0.685 1.006 1.045
estimates (0.025)  (0.025) (0.029) (0.029) (0.031) (0.145) (0.143)

True values | 0.420 0.273 0.600 0.400 0.683 1.000 1.000

The Table 2 shows the average values of obtained estimates, corresponding
estimating errors and the true values of parameters. At the first glance, there are
no major differences in the quality of the obtained estimates. Moreover, regres-
sion estimates are slightly more different from the real values of the parameters,
previously obtained from the initial evaluations. However, the dispersion of the
regression estimates is much smaller than the dispersion of the initial estimates,
and this is one of the important advantages of this estimation method. This
fact is clearly visible in Figure 2, which shows the histograms of empirical dis-
tributions of both types of estimates. Obviously, the histograms of regression
estimates (panels below) have much more pronounced asymptotic tendencies in
relation to the initial estimates of parameters (panels above).
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Figure 2: Empirical distributions of estimated parameters of Split-MA (2) model.

5. APPLICATION OF THE MODEL

Here we describe some of the possibilities of practical application the GSB
process in the modeling dynamics of financial series. We observe Split-MA (1) and
Split-MA (2) models, described by equalities (4.1) and (4.4), as stochastic models
of dynamics the total values of stocks trading on the Belgrade Stock Exchange.
As a basic financial sequence we observe the realization of log-volumes

(51) Yt = h’l(St-Ht), tZO,l,...,T,

where S; is the share price and H; is the volume of trading of the same share at
time t = 1,...,T. (The price is in dinars and the volume is the number of shares
that were traded on the certain day. The days of trading are used as successive
data.) Firstly, we applied iterative equations

Et = Yt — My
(5.2) 9 s t=1,..,T,
my = my—1 + €t71[(5t_2 >¢)

to generate the corresponding values of sequences (¢¢) and (m;) of Split-BREAK
process of order p = 1. As estimates of the critical value ¢, we used the previous
estimating procedure, and as initial values of the iterative procedure (5.2) we use
— a.s. — . « .
mo = Yo = Yr, €0 = -1 = 0, where yp is the empirical mean of (y;). We use the
basic empirical series defined by (5.1) in solving the series of increments (X;),
i.e. the realized values of Split-MA(1) described above. The similar procedure
can be used to estimate the parameters of Split-MA(2) model. In that case, we
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substitute the second equation in (5.2) with
_ s 2 . , 2 . _
my = oy (mt_l +er1l(ef_o> c)) + a9 (mt_g er—ol(ei_q> c)) , t=2,..T,

where &1, &g is the estimated values of model’s parameters, with & + &9 = 1 and
€0 = £_1 = 0. Table 3 contains the number of observations for the company (T'),
and estimated values of Split-MA(1) and Split-MA(2) models in the case of six
Serbian eminent companies.

Table 3: Estimated values of the GSB parameters of real data.

=1
Companies Cities T — e~ P — = ~
Pr (1) be c be c
HEMOFARM Vrsac 54 —0.346 0.530 0.582 0.613 0.836
METALAC Milanovac 174 —0.449 0.816 4.929 0.829 5.223
SUNCE Sombor 157 —0.424 0.735 2.836 0.784 3.132
p=2
Companies Cities T = = = N N N
a1 Qs c Q1 Qs ¢
ALFA PLAM Vranje 50 | 0.640 0.360 2.628 0.690 0.310 3.331
DIN Nis 56 | 0.715 0.285 1.393 0.816 0.184 1.202
T. MARKOVIC  Kikinda 277 | 0.824 0.176 1.396 0.830 0.170 1.392

The following, Table 4 contains estimated values of means and variances
of previously defined sequences: log—volumes (y;), martingale means (my), the
Split-MA process (X;) and the white noise (g;). If we analyze empirical values of
these series, we can recognize the relations that could be explained the theoretical
results above. Namely, the averages of the log—volumes are close to the averages of
martingale means, which is in accordance with (2.8), i.e. to the fact that the real-
izations of (y;) are “close” to the sequence (m;). On the other hand, the averages
of (X;) and (&) are “close” to zero, which is consistent with previous theoret-
ical results. Also, the estimates of the empirical variances of Split-MA series
are generally higher than the corresponding values of the noise variances, which
is consistent with the theoretical properties of these sequences (see Theorem 2.1).

Table 4: Estimated values of real data.

Log-volumes | Mart. means Split-MA White noise
Mean Var Mean Var Mean Var Mean Var

HEMOFARM 15.250  0.814 | 15.310 0.694 0.022 1.786 | —0.042 1.576

Companies

METALAC 13.665 2.788 | 13.798 2.731 0.001  3.979 | —0.005 3.614
SUNCE 12.748 2.282 | 12.730 2.151 | —0.024 1.978 | —0.028 1.981
ALFA PLAM 15.320 1.505 | 15.354 1.457 | —0.126 2.410 | —0.005 1.590
DIN 14.485 4.998 | 14.628 6.071 | —0.126 3.003 | —0.139 2.868

T. MARKOVIC | 13.816 2.295 | 13.830 1.977 0.001 4.002 | —0.078 3.611




Model of GSB Process 165

A high correlation between the log-volumes and the martingale means can
be seen in Figure 3, which represents the realizations of these sequences. Obvi-
ously, this fact concurs with the definition of the GSB process, i.e., the equation
(2.6), and justifies the application of the GSB process as an appropriate stochastic
model of the dynamics of empirical time series.

HEMOFARM ) ALFA PLAM

METALAC ] DIN

Log-volumss

————— Martingal
maans
0 T 0 T
10 20 30 40 50 60 10 20 30 40 50
Time Time
25 23 1 -
SUNCE T. MARKOVIC

Log-volumss —— Log-volumss

Figure 3: Comparative graphs of the real and modeled data.

Finally, Figure 4 shows that there is also a strong correlation between the
white noise (g;) and the increments (X;). It is clear that the concurrence of
realizations of these two sequences will be better if, in addition to the great
fluctuation of (X;), the critical value of the reaction c¢ is relatively small (see,
for instance, Section 4). In fact, small values of ¢ point out to the possibility
that the true value of this parameter is ¢ = 0, when increments (X;) are equal
to the noise (;). In that case (y;) is the sequence with independent increments
and the whole statistical analysis is made easier. According to the previous facts
about asymptotic normality of obtained estimates, testing the null hypothesis
Hy:c=0, (ie. b.=0), in the case of the “large” sample size, will be based on
the normal distribution, i.e. standard, well known statistical tests.
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Figure 4: Comparative graphs of real and modeled data.

6. CONCLUSION

As we know, the non-linear stochastic models of financial time series usually
give excellent results in explaining many aspects of their behavior. In this sense,
various modifications of the STOPBREAK process enable successful description
of the dynamics of financial time series with emphatic permanent fluctuations.
We should point out once again Stojanovié¢ et al. [16], where were compared the
efficiency between the simplest GSB model (named Split-BREAK model) of order
p =1 and some well known models which are standardly used in the real data
modeling. Using the same data set as in the section above, it is shown that our
process represents these time series better, and that fewer coefficients need to be
estimated in comparison with well known models used so far.
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